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To the memory of Friedrich Hirzebruch
with great admiration



Preface to the Third Edition

It is pleasing that this book seems to be still sufficiently popular to warrant a third edition
and has proven to be suitable for master courses. I recently gave such a course and while
preparing for it I found that there were still some mistakes in the book and that the notation
was not always consistent. Moreover, recently a question which was stated as an open
problem in the book has been solved [67]. Therefore I have taken the opportunity to make
the necessary changes and to improve and update the book.

I would like to thank Elisabeth Werner for pointing out that the codes in Sect. 2.10
which were erroneously called Reed-Solomon codes in the previous editions are in fact
Hamming codes. This has now been corrected. I am grateful to Richard Borcherds for
suggesting that I include a very short proof of the uniqueness of the Leech lattice as an
application of the results in Chapter 4. This has been added as Remark 4.2. Finally the
layout of the book has been changed.

I would like to thank Springer Spektrum, especially Ulrike Schmickler-Hirzebruch, for
making a new edition of the book possible.

Sadly, on May 27 this year, Friedrich Hirzebruch, on whose lectures this book is par-
tially based, passed away. I would like to express my gratitude and my admiration by
dedicating this book to his memory.

Hannover, July 2012 Wolfgang Ebeling
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Preface to the Second Edition

The changes from the first edition are as follows. Numerous corrections and improve-
ments have been made. More basic material is included to make the text even more self-
contained and to keep the prerequisites to a minimum. Automorphism groups of lattices
and codes are treated in more detail. In particular, a new section, Sect. 4.5, on Conway’s
result about a relation between the Leech lattice and the automorphism group of the 26-
dimensional unimodular hyperbolic lattice has been added. There are some hints to new
results. Finally, several new exercises have been added.

A short course on some of the main topics presented in detail in the book can be found
in [23].

I would like to thank R. E. Borcherds, G. van der Geer, F. Heckenbach, B. Herzog,
H. Koch, J. H. van Lint, V. Remmert, P. Schenzel, J. Spandaw, Z.-X. Wan, W. Willems, and
J. Zintl for sending me or communicating to me corrections, comments, and suggestions
for improvements. In particular, I am grateful to J. Spandaw for pointing out an error in
the proof of Proposition 1.2 and for his suggestion of a correct proof which I followed.

Last but not least I would like to thank Ulrike Schmickler-Hirzebruch from Vieweg for
her support and encouragement during the preparation of the second (and also of the first)
edition of the book.

Hannover, May 2002 Wolfgang Ebeling
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Preface to the First Edition

The purpose of coding theory is the design of efficient systems for the transmission
of information. The mathematical treatment leads to certain finite structures: the error-
correcting codes. Surprisingly problems which are interesting for the design of codes turn
out to be closely related to problems studied partly earlier and independently in pure
mathematics. This book is about an example of such a connection: the relation between
codes and lattices. Lattices are studied in number theory and in the geometry of numbers.
Many problems about codes have their counterpart in problems about lattices and sphere
packings. We give a detailed introduction to these relations including recent results of
G. van der Geer and F. Hirzebruch.

Let us explain the history of this book. In [58] J. S. Leon, V. Pless, and N. J. A. Sloane
considered the Lee weight enumerators of self-dual codes over the prime field of charac-
teristic 5. They wrote in the introduction to their paper: ”The weight enumerator of any
one of the codes . . . is strongly constrained: it must be invariant under a three-dimensional
representation of the icosahedral group. These invariants were already known to Felix
Klein, and the consequences for coding theory were discovered by Gleason and Pierce
(and independently by the third author) . . . (It is worth mentioning that precisely the
same invariants have recently been studied by Hirzebruch in connection with cusps of
the Hilbert modular surface associated with Q(

√
5). However, there does not appear to be

any connection between this work and ours.)” In 1985 G. van der Geer and F. Hirzebruch
held a summer school on coding theory in Alpbach in the Austrian alps. There they found
such a connection.

In the winter semester 1986/87 Hirzebruch gave a course at the University of Bonn
entitled ”Kodierungstheorie und Beziehungen zur Geometrie” (”Coding theory and re-
lations with geometry”). Among other things he explained the above mentioned results.
Some lectures were given by N. J. A. Sloane and N.-P. Skoruppa. In January 1987 the
author gave his inaugural lecture on ”The Leech lattice”.

When the author came to Eindhoven in October 1988 he gave a course entitled ”Lat-
tices and codes”. He lectured two hours a week from October 1988 until April 1989. This
course was partially based on notes of Hirzebruch’s lectures taken by Thomas Höfer and
Constantin Kahn and on an unpublished note by Nils-Peter Skoruppa [83]. The aim of
this course was to discuss the relations between lattices and codes and to provide all the

xi



xii Preface to the First Edition

necessary prerequisites and examples to be able to understand the result of van der Geer
and Hirzebruch. During the course notes were prepared and distributed. These formed the
basis for the present book.

A lattice Γ in Euclidean n-space Rn is a discrete subgroup of Rn with compact quotient
Rn/Γ . The relation between lattices and binary codes has been studied by a number of au-
thors (cf. e.g. [60], [84], [85], and [4]). It is one of the themes of the book of J. H. Conway
and N. J. A. Sloane [21]. There is some overlap with that book, but whereas [21] is mainly
a collection of original articles, we have tried to write a coherent and detailed introduction
to this topic. Of course we had to make a choice, and there is much more material in [21]
which we don’t mention. The main topics we have chosen for are the connections between
weight enumerators of codes and theta functions of lattices, the classification of even uni-
modular 24-dimensional lattices, and the Leech lattice. The results of van der Geer and
Hirzebruch can be considered as a generalization of the results on weight enumerators
of codes and theta functions of lattices in the binary case. They are based on a relation
between lattices over integers of number fields and p-ary codes, p being an odd prime
number. The only reference for these results is a letter of Hirzebruch to Sloane reprinted
in [36]. We give a detailed account on these results.

Another example of a relation between coding theory and a seemingly unrelated branch
of pure mathematics is the link between coding theory and algebraic geometry recently
established by Goppa’s construction of codes using algebraic curves. This was also men-
tioned in Hirzebruch’s lectures but it is not treated in this book. We refer the interested
reader to [57].

We now give a survey of the contents of this book. The book has five chapters.
In the first chapter we give the basic definitions for a lattice and for a code. We explain

the fundamental construction of a lattice ΓC in Rn from a binary linear code C. This leads
to a correspondence between (doubly even) self-dual binary linear codes of length n and
certain (even) unimodular lattices in Rn. The basic example is the extended binary Ham-
ming code of length 8, which corresponds to the famous lattice of type E8. The E8-lattice
is an example of a root lattice, i.e., a lattice generated by vectors x ∈ Rn with x2 = 2.
The root lattices play an important rôle in our book. They are studied and classified in
Sect. 1.4. We determine which root lattices come from codes. Some additional facts about
root lattices which will be needed in Chapter 4 are collected in Sect. 1.5.

Chapter 2 deals with important functions associated to lattices and codes. On the one
hand one has the theta function of a lattice. From the theta function one can compute the
number of lattice points on spheres around the origin. We show that the theta function of
an even unimodular lattice in Rn is a modular form of weight n

2 . For the proof of this fact
we have included introductory sections on modular forms. In the presentation of this ma-
terial we are influenced by Serre’s book [81]. On the other hand one has the (Hamming)
weight enumerator polynomial of a code. We discuss several applications of the theory of
modular forms to weight enumerators of codes via the correspondence between lattices
and codes. First we derive a certain relation between the weight enumerator coefficients
of a doubly even self-dual code of length 24. We are lead to the following question: do
there exist doubly even self-dual codes of length 24 which have no codewords of weight
4? In Sect. 2.8 we show the uniqueness and existence of such a code: it is the extended bi-
nary Golay code (our proof follows [7]). Analogously we ask for the existence of an even
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unimodular lattice in R24 which contains no roots, i.e., vectors x with x2 = 2. Using the
Golay code we construct such a lattice: the Leech lattice. In Sect. 2.9 we present a relation
between the Hamming weight enumerator of a binary linear code C and the theta func-
tion of the corresponding lattice ΓC. We deduce the MacWilliams identity and Gleason’s
theorem. Finally we discuss extremal codes and extremal lattices. In Sect. 2.10 we con-
sider an important class of codes, the quadratic residue codes. Some of the corresponding
extended codes are extremal. We recover again the Hamming code and the Golay code.

In Chapter 3 we present Venkov’s proof [89] that Niemeier’s enumeration [68] of
the even unimodular 24-dimensional lattices is correct. For this purpose we first study
modified theta functions, namely theta functions with spherical coefficients, and their be-
haviour under transformations of the modular group. These are results due to E. Hecke
[32] and B. Schoeneberg ([78], [79]). They are used to classify root sublattices of even
unimodular lattices. In dimension 24 we derive that the root sublattice of an even uni-
modular lattice in R24 is one of a list of 24 root lattices. Each root lattice of this list can
be realized in one and only one way up to isomorphism. In this way we get Niemeier’s
classification of the even unimodular 24-dimensional lattices. We also prove that the cor-
respondence C �→ ΓC induces a one-to-one correspondence between equivalence classes
of doubly even codes C in Fn

2 and isomorphism classes of even lattices in Rn containing
a root lattice of type nA1. This was observed by H. Koch [46]. Now 9 of the 24 Niemeier
lattices contain such a root lattice, and hence they correspond to binary codes.

One of the 24 even unimodular 24-dimensional lattices is the Leech lattice, which
does not contain any roots at all. Chapter 4 is devoted to this lattice. We first show the
uniqueness of this lattice. Then we discuss the sphere packing and covering determined
by the Leech lattice. J. Leech conjectured soon after the discovery of this lattice that the
covering radius of this lattice is equal to

√
2 times its packing radius. This was proved

by J. H. Conway, R. A. Parker, and N. J. A. Sloane in 1982 [17]. Their method of proof
involved finding all the deep holes in the Leech lattice, i.e., all points in R24 that have
maximal distance from the lattice. They discovered that there are precisely 23 distinct
types of deep holes, and that they are in one-to-one correspondence with the 23 even
unimodular lattices in R24 containing roots. The original proof (reprinted in [21]) partly
consists of rather long case-by-case verifications. Later R. E. Borcherds [5] gave a uniform
proof by embedding the Leech lattice in a hyperbolic lattice of rank 26. We indicate
Borcherds’ proof in Sect. 4.4. We also mention (in Sect. 4.3) the 23 constructions for the
Leech lattice, one for each of the deep holes or Niemeier lattices, found by Conway and
Sloane [20].

So far we have only considered binary codes. In Chapter 5 we present a generalization
of the results of Chapter 2 to self-dual codes over the prime field Fp, where p is an
odd prime number. In the binary case we constructed an integral lattice in Rn from a
binary linear code of length n. We generalize this construction by associating a lattice
over the integers of a cyclotomic field to a code over Fp. The necessary basic facts from
algebraic number theory are provided and lattices over integers of cyclotomic fields are
studied in Sect. 5.1. The construction is given in Sect. 5.2. In Sect. 5.3 we consider theta
functions for such lattices as studied e.g. by H. D. Kloosterman [43] and M. Eichler [24].
These theta functions depend on p−1

2 variables zl , l = 1, . . . , p−1
2 . They are Hilbert modular

forms. We state and prove the theorem of van der Geer and Hirzebruch which gives a
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connection between the Lee weight enumerator of a self-dual linear code C over Fp and
the theta function of its associated lattice ΓC. In Sect. 5.4 – Sect. 5.6 we give applications
of this result. In the case of ternary codes (p = 3) a well-known result of M. Broué and
M. Enguehard [4] is derived. We consider the equation of the tetrahedron and, with a short
digression to the (excluded) case p = 4, the equation of the cube. Finally we turn to the
case p = 5 and explain the relation between the paper [34] of Hirzebruch and the paper
[58] by Leon, Pless and Sloane mentioned in the beginning. We conclude this chapter by
indicating in Sect. 5.7 how one can verify that certain theta functions are Hilbert modular
forms. The Sect. 5.7 is essentially a translation into English of the unpublished paper [83]
of N.-P. Skoruppa. Parts of this paper have also been used in Sect. 3.1.

The book is partially based on, but not identical with Hirzebruch’s lectures, as it is also
expressed in the different title. The following topics of these lectures are not included in
this book: the determination of the number of doubly even self-dual codes of length n and,
as already mentioned, a section on Riemann-Roch for curves and applications in coding
theory. On the other hand, we have added Chapter 4 on the Leech lattice. Moreover, our
presentation is in many places more detailed and contains among other things in addition:
a proof of the existence of a fundamental system of roots for any root lattice (Sect. 1.4),
and the proof of the uniqueness of the binary Golay code and Conway’s construction of it
(Sect. 2.8).

We have tried to keep the prerequisites as minimal as possible. The original course was
intended for third year students having the German ’Vordiplom’. A basic knowledge in
algebra and complex analysis is required. Several exercises can be found in the text.

Theorems, Propositions, Lemmas, etc. are numbered consecutively within each chap-
ter. So e.g. Theorem 1.3 refers to the third theorem in Chapter 1. Each chapter is divided
into sections. The 4-th section in Chapter 5 is referred to as Sect. 5.4.

The author would like to thank Dr. Thomas Höfer and Dr. Constantin Kahn for making
their notes of Hirzebruch’s course available to him.

He is grateful to the participants of his course in Eindhoven for their interest and crit-
icism. He would like to thank Prof. Dr. A. E. Brouwer, Prof. Dr. J. H. van Lint, and
Prof. Dr. J. J. Seidel for many useful hints. For example he learned from Prof. van Lint
the introduction of the Golay code as included in this book. He would like to express his
thanks to all his former colleagues at Eindhoven for their support.

The author is grateful to Prof. Dr. F. Hirzebruch, Dr. Ruth Kellerhals, and Dr. Niels-
Peter Skoruppa for reading parts of an older version of the manuscript, for their criticism
and helpful remarks. He is particularly indebted to Prof. Dr. F. Hirzebruch for permission
to use notes of his course and for his help and encouragement during the preparation of
this book.

The author would like to thank Kai-Martin Knaak and Robert Wetke for setting the
manuscript into TEX.

Hannover, January 1994 Wolfgang Ebeling
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Chapter 1

Lattices and Codes

1.1 Lattices

In this section we introduce the basic concept of a lattice in Rn. For references see [81],
[61], [9], [45], and [72].

Definition. A lattice in Rn is a subset Γ ⊂ Rn with the property that there exists a basis
(e1, . . . ,en) of Rn such that Γ = Ze1 ⊕ . . .⊕Zen, i.e., Γ consists of all integral linear
combinations of the vectors e1, . . . ,en.

Example 1.1 The standard example is the lattice

Zn ⊂ Rn

consisting of all points in Rn with integral coordinates. Here (e1, . . . ,en) is the standard
basis of Rn (see Fig. 1.1).

�

�
� � � � � � �

� � � � � � �

� � � � � � �

� � � � � � �

� � � � � � �

�

�
P

0 e1

e2

Fig. 1.1 Standard lattice Z2 ⊂ R2

1
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2 1 Lattices and Codes

Let Γ be a lattice in Rn. A basis (e1, . . . ,en) of Rn with Γ = Ze1 ⊕ . . .⊕Zen is called a
basis of Γ . The quotient Rn/Γ is an n-dimensional torus. It is obtained by identifying the
faces of the fundamental parallelotope

P = {λ1e1 + . . .+λnen | 0 ≤ λi ≤ 1}.

In particular, the quotient Rn/Γ is compact. Conversely, by a theorem of Bieberbach, a
discrete subgroup Γ ⊂ Rn with compact quotient Rn/Γ is a lattice [80].

The volume of a lattice is

vol (Rn/Γ ) = vol (P) = |det((e1, . . . ,en))|

where ((e1, . . . ,en)) is the matrix whose rows are the vectors e1, . . . ,en. This is true for
the standard lattice Zn ⊂Rn, where P is the n-dimensional unit cube. It follows in general
from the transformation formula of integrals, since ((e1, . . . ,en)) is the transformation
matrix of Zn into Γ .

More generally, let Γ ′ ⊂ Rn be a lattice with Γ ′ ⊂ Γ . Then clearly the index |Γ /Γ ′| is
finite and

vol
(
Rn/Γ ′)= vol (Rn/Γ )

∣∣Γ /Γ ′∣∣ .

We denote the Euclidean scalar product of two vectors x,y ∈ Rn by x · y. So

x · y =
n

∑
i=1

xiyi .

The Euclidean scalar product is a non-degenerate, positive definite, symmetric bilinear
form. Put ai j = ei · e j and let A be the matrix ((ai j)). Let C be the matrix ((e1, . . . ,en)).
Then A =CCt . Therefore

vol (P) = |detC|=
√

detA .

Let V = Rn. We identify V with the dual vector space V ∗ = Hom(V,R) by means of
the mapping V −→ V ∗, x �−→ fx, with fx(y) = x · y. Let Γ be a lattice in Rn. We denote
the dual lattice of Γ by Γ ∗. It is

Γ ∗ = Hom(Γ ,Z)

= {x ∈ Rn | x · y ∈ Z for all y ∈ Γ } .

Let (e1, . . . ,en) be a basis of Γ , and let (e∗1, . . . ,e
∗
n) be the dual basis, i.e., e∗i · e j = δi j.

Then

e∗i =
n

∑
j=1

bi je j

and B = ((bi j)) = A−1. The e∗i form a basis of Γ ∗. One easily computes that the matrix
((e∗i · e∗j)) is equal to B. This shows in particular that

vol (Rn/Γ ∗) =
1

vol (Rn/Γ )
.



1.1 Lattices 3

A lattice Γ ⊂Rn is called integral, if x ·y ∈ Z for all x,y ∈Γ . Another characterization
of integral lattices is the following.

Definition. Let R be a commutative ring with unity. A symmetric bilinear form module
(S,b) over R is a pair consisting of a free R-module S of rank n (i.e., isomorphic to Rn)
and of a symmetric bilinear form b : S×S −→ R.

Proposition 1.1. The integral lattices in Rn are precisely the symmetric bilinear form
modules (S,b) over the ring of integers Z, where b : S× S −→ Z is a positive definite
symmetric bilinear form.

Proof. Let Γ ⊂ Rn be an integral lattice. Then Γ is a free Z-module of rank n and the
Euclidean scalar product is a positive definite symmetric bilinear form on Γ with values
in Z.

On the other hand, let (S,b) be a symmetric bilinear form module over Z with a positive
definite symmetric bilinear form b. Consider the real vector space V := S⊗R. Then b
extends to a scalar product on V . Let (ε1, . . . ,εn) be an orthonormal basis of V with respect
to the scalar product b, and identify V with Rn by mapping (ε1, . . . ,εn) to the standard
basis of Rn. Then b becomes the Euclidean scalar product of Rn and S ⊂Rn is an integral
lattice. This proves Proposition 1.1. �


Two symmetric bilinear form modules (S,b) and (S′,b′) over R are called isomorphic
if there is an R-linear bijection h : S → S′ satisfying b′(h(x),h(y)) = b(x,y) for all x,y ∈ S.
Let (S,b) be a symmetric bilinear form module over R. An R-linear bijection h : S → S
satisfying b(h(x),h(y)) = b(x,y) for all x,y ∈ S is called an automorphism of (S,b). The
automorphisms of (S,b) form a group Aut(S,b) called the automorphism group of (S,b).
By Proposition 1.1, these notions carry over to integral lattices in Rn.

Also without the assumption that b is positive definite, a symmetric bilinear form mod-
ule (S,b) over Z is called an integral lattice. In the first three chapters of this book, lattices
will be lattices in Rn. But in Chapter 4 we shall also consider some indefinite integral
lattices. Moreover, in Chapter 5 we shall also study symmetric bilinear form modules
(lattices) over the ring of integers of a certain algebraic number field.

Now let Γ be an integral lattice with basis (e1, . . . ,en), and let A be the matrix A =
((ei · e j)). Then A is an integral matrix and the determinant detA of A is an integer. This
integer is independent of the choice of the basis. For let (ẽ1, . . . , ẽn) be another basis of Γ ,
and let Ã = ((ẽi · ẽ j)). Then

ẽi =
n

∑
j=1

qi je j ,

and the matrix Q = ((qi j)) is in GLn(Z), which means in particular that detQ =±1. But

Ã = QAQt ,

so det Ã = detA. So detA does not depend on the choice of the basis (e1, . . . ,en), and this
number is also called the discriminant of the lattice Γ , written disc (Γ ). We have already
seen that
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vol (Rn/Γ ) =
√

disc (Γ ) ,

vol (Rn/Γ ∗) =
1√

disc (Γ )
.

From the formula
vol (Rn/Γ ) = vol (Rn/Γ ∗) · |Γ ∗/Γ |

we derive the following formula for the discriminant of Γ :

disc (Γ ) = |Γ ∗/Γ | .

A lattice Γ ⊂Rn is called unimodular if Γ ∗ =Γ . This amounts to saying that Γ is an in-
tegral lattice, and that the canonical homomorphism V −→V ∗, x �−→ fx with fx(y) = x ·y,
maps Γ onto Γ ∗.

Analogously, let (S,b) be a symmetric bilinear form module over a ring R. The dual
module S∗ of S is the module HomR(S,R). The symmetric bilinear form module (S,b) is
called unimodular, if the canonical homomorphism S −→ S∗, x �−→ b(x, ), is bijective.

In matrix terms, this means the following. Let Γ be an integral lattice with basis
(e1, . . . ,en). Then Γ is unimodular if and only if the matrix A = ((ei · e j)) has integer
coefficients and its determinant disc (Γ ) is equal to 1. The last condition is equivalent to

vol (P) = 1.

Let Γ be an integral lattice in Rn. A Z-submodule Λ of Γ is called a sublattice of Γ . It
is a lattice in some subspace W ⊂Rn which is isomorphic to Rk for some k. In particular,
the dual lattice Λ ∗ is defined to be

Λ ∗ = {x ∈W | x · y ∈ Z for all y ∈ Λ}.

A sublattice Λ of Γ is called primitive if Γ /Λ is a free Z-module. If K is a subset of
Γ we call the Z-submodule

K⊥ = {y ∈ Γ | x · y = 0 for all x ∈ K}

the sublattice orthogonal to K.
Let Λ1, . . . ,Λm be sublattices of Γ . The lattice Γ is called the orthogonal direct sum of

the sublattices Λ1, . . . ,Λm, denoted by Γ = Λ1 ⊥ . . . ⊥ Λm, if Γ is the direct sum of the
submodules Λ1, . . . ,Λm and x · y = 0 for all x ∈ Λi, y ∈ Λ j, and i �= j.

Proposition 1.2. Let Γ be a unimodular lattice in Rn and Λ be a primitive sublattice of
Γ . Then

disc (Λ) = disc (Λ⊥).

Proof. (Cf. also [59, (2.3)].) We show that there is a natural group isomorphism Γ /(Λ ⊥
Λ⊥)→Λ ∗/Λ . Since Γ /Λ is torsion free, the mapping i∗ : Γ ∗ →Λ ∗ dual to the inclusion
i : Λ → Γ is surjective. Since Γ is unimodular, we have Γ ∗ = Γ and we get a surjective
mapping i∗ : Γ → Λ ∗. Factoring both sides by Λ , the mapping i∗ induces a surjective
mapping
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ι : Γ /Λ → Λ ∗/Λ .

We claim that the kernel of this mapping is the image I of Λ⊥ in Γ /Λ . Since i∗(Λ⊥) = 0,
it is clear that I ⊂ ker ι . Conversely, suppose that x∈Γ represents an element of the kernel
of ι . Then there exists a y ∈Λ such that i∗(x−y) = 0. But this implies x−y ∈Λ⊥. Hence
the class of x in Γ /Λ lies in I. Therefore we get an isomorphism

Γ /(Λ ⊥ Λ⊥)→ Λ ∗/Λ .

Since Λ is primitive, the same is true for Λ⊥, as one can easily see. Moreover, (Λ⊥)⊥ =
Λ . Therefore we can interchange the rôles of Λ and Λ⊥ and find a group isomorphism
Γ /(Λ ⊥ Λ⊥)→ (Λ⊥)∗/Λ⊥. In particular

disc (Λ⊥) = |(Λ⊥)∗/Λ⊥|= |Γ /(Λ ⊥ Λ⊥)|= |Λ ∗/Λ |= disc (Λ),

what had to be shown. �

Exercise 1.1 Let Γ be a lattice in Rn and Λ ⊂ Γ be a unimodular sublattice. Show that
Γ = Λ ⊥ Λ⊥.

An integral lattice Γ is called even if x2 = x · x ≡ 0 (mod 2) for all x ∈ Γ . In ma-
trix terms, this means that the diagonal elements ei · ei of the matrix A are all even.
Analogously, a symmetric bilinear form module (S,b) over Z is called even if b(x,x) ≡
0 (mod 2) for all x ∈ S.

1.2 Codes

In this section we define the concept of a code. As a general reference for coding theory
we refer to the book of J.H. van Lint [56]. We partly follow [37].

Error correcting codes are important for the transmission of information, e.g. in tele-
phone and satellite communication and in compact disc players. The problem is that in
any kind of communication the original message might not be received correctly because
of noise or transmission errors. Therefore the message is encoded with a certain redun-
dancy such that in the process of decoding possible transmission errors can be detected
and corrected. The design of such error correcting codes is the subject of coding theory.

Mathematically a message is a finite sequence of symbols from some alphabet, for
which we take a finite field Fq with q = pr (p prime) elements. In communication and
computer technology one frequently uses for obvious reasons the field F2, i.e., the letters
0,1. Each of these letters is called a ”bit”. Encoding can be considered as an injective
mapping f : Fk

q → Fn
q where n > k > 0. The image of the mapping f , f (Fk

q) =: C ⊂ Fn
q, is

called a code (of length n).

Definition. A code C of length n is a nonempty proper subset of Fn
q.

If |C|= 1 the code is called trivial. Trivial codes are excluded in the sequel. If q= 2 the
code is called a binary code, for q = 3 a ternary code, etc. The elements of C are called
codewords, and n is called the wordlength of C.
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In a simplified picture, with the use of codes the transmission of information consists
of three essential steps as follows:

message decoded message
→ encoder → channel → decoder →

a ∈ Fk
q f (a) ∈C b g(b) ∈C

The message is put into a coding device called the encoder. The message can be data
sampled in certain periods from some acoustic signals, the degree of blackness of some
square of a grid for the recognition of a picture (e.g. a satellite picture) or part of data to
be stored in a computer memory. The message leaves the encoder as a codeword f (a) of
a code C; technically this may be a sequence of impulses of different amplitude. Such a
codeword now passes through an information channel with noise. An information channel
can be an electromagnetic field, but it can also stand for the process of saving and subse-
quent loading of a binary word in a computer. The word noise should also not be taken
literally; it can mean e.g. electrical interference, dust or scratches on a compact disc or the
bombardment of a computer chip by α-particles. As an effect of this noise the codeword
arriving at the decoder at the receiver may be falsified. Of course it would be desirable to
detect possible errors. To enable this, the idea is to choose the code C in such a way that
the codewords differ from each other as much as possible. Then the decoder looks for the
codeword which most resembles the received word.

A very simple example is the binary repetition code of length 3. Here q = 2, k = 1,
n = 3, C = {(0,0,0),(1,1,1)} ⊂ F3

2. The information to be transmitted is ”yes” or ”no”.
”Yes” is encoded in (1,1,1), ”no” in (0,0,0). If the decoder receives (0,1,0), then it
is reasonable to assume that ”no” was transmitted, because (0,1,0) differs only at one
position from (0,0,0) but at two positions from (1,1,1). Hence the output of the decoder
will be ”no”. One easily sees that this code corrects one error, i.e., if there is a transmission
error at at most one position, then this will be detected and corrected in any case.

In order to describe this phenomenon in a quantitative manner, we introduce the fol-
lowing notions. Let x = (x1, . . . ,xn) ∈ Fn

q. The weight w(x) of x is the number of nonzero
xi. If x ∈ Fn

q, y ∈ Fn
q, then the (Hamming) distance d(x,y) of x and y is defined by

d(x,y) := w(x− y).
Let C be a nontrivial code. The minimum of the distances d(x,y) for x,y ∈C, x �= y, is

called the minimum distance of the code C. An (n,M,d)-code is a code with wordlength n,
M codewords, and minimum distance d. E.g. the repetition code of length 3 is a (3,2,3)-
code.

One can easily see that a code with minimum distance d can correct exactly t errors
where t is defined by d = 2t +1 for d odd, resp. by d = 2(t +1) for d even.

To ensure a correct transmission of information one is, therefore, interested in codes
with a big minimum distance d. The repetition code has d = 3, but it has a disadvantage.
It is too wasteful: 3 bits for the transmission of a one-bit-information. A spacecraft is
subject to energy and time limits; computer memory should not be wasted. This leads to
the fundamental problem of coding theory: In order to achieve large minimum distance
one needs a big alphabet or words with many positions, in any case a large expenditure.
But this is again undesirable.
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In mathematical terms one introduces besides the minimum distance d also the infor-
mation rate R of a code in Fn

q:

R =
logq |C|
logq |Fn

q|
.

Here |C| resp. |Fn
q| denotes the number of codewords resp. of all possible words. If C is

a binary code, the number log2 |C| can be interpreted as the minimal number of yes-no-
decisions which one needs to locate each codeword. The repetition code of length 3 has
information rate 1

3 .
With these notions the main problem of coding theory can be ”formulated” as follows:

Find codes where the two incompatible objectives of a big minimum distance d and a big
information rate R are realized.

Presumably the historically first of the more subtle and efficient codes is the Hamming
code ([29], [30]). (A nice reference for the history of this code is [88].) This is a binary
code of length 7. It is defined by the mapping

F4
2 → F7

2
(x1,x2,x3,x4) �→ (x1,x2,x3,x4,x5,x6,x7)

where x5, x6, and x7 are determined in such a way that the sum of the 4 elements in a
circle of Fig. 1.2 is always 0. This yields 3 linearly independent linear equations in F7

2.
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Fig. 1.2 The conditions defining the Hamming code: the sum of the elements in a circle has to be equal
to zero

The set of solutions is called H. This is a 4-dimensional linear subspace of F7
2. Therefore

the code is a so called linear code.

Definition. A linear code C is a linear subspace of Fn
q.
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If C is a linear code, k is the dimension of C and d is its minimum distance, then C is
called an [n,k,d]-code.

For a linear code C the minimum distance is equal to the minimum weight, i.e., to the
minimum of the weights of nonzero codewords.

Consider the vectors of Fn
q as column vectors. Then a linear code is defined by an exact

sequence
0 → Fk

q
A→ Fn

q
B→ Fn−k

q → 0

where A and B are linear mappings. The exactness of the sequence is equivalent to the
three conditions rank A = k, BA = 0, rank B = n−k. The code C defined by this sequence
can be obtained in two ways.

First C =A(Fk
q)⊂Fn

q. The linear mapping A is given by an n×k matrix A. The columns
of A form a basis of C. Usually one considers the transpose G = At of A; this k×n matrix
for which the rows form a basis of C is called a generator matrix of C.

On the other hand C = ker B, i.e., x ∈C if and only if Bx = 0. The linear mapping B is
given by an (n−k)×n matrix B. The rows of B are the relations defining C. The matrix B
is called a parity check matrix of C. For every x ∈ Fn

q we call Bx ∈ Fn−k
q the syndrome of

x. The codewords of C are characterized by syndrome 0. We have defined the Hamming
code by indicating the syndromes. In this case, if at most one error can occur and if an
error occurs, then the syndrome indicates the position at which the error occurred.

Let C be a linear code defined by an exact sequence as above. From linear algebra we
know that a linear mapping φ : V → W between vector spaces V and W induces a dual
mapping φ ∗ : W ∗ →V ∗ between the corresponding dual spaces W ∗ and V ∗; if V and W are
finite dimensional, then we can identify the vector spaces with their corresponding dual
spaces after the choice of bases. Therefore the above sequence induces a dual sequence

0 → Fn−k
q

Bt→ Fn
q

At→ Fk
q → 0.

The condition BA = 0 is equivalent to the condition AtBt = 0. This exact sequence defines
the dual code C⊥, i.e., C⊥ := Bt(Fn−k

q ). If C has dimension k then C⊥ has dimension n−k.
For x,y ∈ Fn

q we define their scalar product x · y by

x · y := ∑xiyi.

Lemma 1.1. C⊥ = {y ∈ Fn
q | x · y = 0 for all x ∈C}.

Proof. By definition, y ∈C⊥ if and only if Aty = 0. But Aty = 0 is equivalent to Aty ·z = 0
for all z ∈ Fk

q. Now Aty · z = ytAz = y ·Az. Therefore x ∈C⊥ if and only if x · y = 0 for all
y ∈C = A(Fk

q), which proves the lemma. �


A linear code C is called self-dual if and only if C =C⊥. Note that dim C+dim C⊥ = n,
so C =C⊥ implies that n is even, dim C = n

2 and C ⊂C⊥. This is also sufficient for a code
C to be self-dual. Note also that C ⊂C⊥ if and only if x · y = 0 for all x,y ∈C.

A binary code C is called doubly even, if the weights w(x) of all codewords x ∈C are
divisible by 4. A doubly even code C satisfies C ⊂C⊥, since over Z
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x · y = 1
2
(
(x+ y)2 − x2 − y2).

The symmetric group Sn operates on Fn
q by permutation of the coordinate positions.

Two codes C and C′ over Fn
q are called equivalent, if they have both wordlength n and

if there is a σ ∈ Sn with σ(C) = C′. The automorphism group Aut (C) of a code C is
defined by

Aut (C) := {σ ∈ Sn | σ(C) =C} .

Now we return to the Hamming code H of length 7. The 24 = 16 codewords of the
Hamming code are

0000000 1000110
0001101 1001011
0010111 1010001
0011010 1011100
0100011 1100101
0101110 1101000
0110100 1110010
0111001 1111111

One sees that the minimum weight is 3, therefore H is a [7,4,3]-code. There is 1 word of
weight 0, 7 words of weight 3, 7 words of weight 4, and one word of weight 7.

The information rate of the Hamming code is R = 4
7 . If one would use the repetition

code with the same minimum distance as the Hamming code for the transmission of 4-bit-
words, one would have to repeat each 4-bit-word three times. The information rate of this
repetition code is 4

12 . The information rate of the Hamming code is therefore 12
7 ≈ 1.71

times as big as the one of the repetition code and that means that the Hamming code can
transmit 71% more information than the repetition code during the same time.

As a set of generators of H one can take the 7 codewords of weight 3. These correspond
to seven 3-element-subsets of a 7-element-set with the property that any two have exactly
one element in common. (They form a so called 2-(7,3,1)-design, see Sect. 2.8.) They
correspond to the lines of a projective plane of order 2

P2(F2) = F2
2 ∪F2 ∪{∞} .

The seven points and seven lines of this plane form the configuration of Fig. 1.3. The
incidence matrix is ⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 1 1 0 1 0 0
0 0 1 1 0 1 0
0 0 0 1 1 0 1
1 0 0 0 1 1 0
0 1 0 0 0 1 1
1 0 1 0 0 0 1
1 1 0 1 0 0 0

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠
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Fig. 1.3 Configuration of the lines of P2(F2)

In this way we recover the seven codewords of weight 3 of H. Hence a submatrix of this
matrix is a generator matrix for H. Note that the 1’s in the first row are at the positions
1,2, and 4 which are the quadratic residues modulo 7 (see also Sect. 2.10). The other
codewords are the 7 vectors obtained from the rows by interchanging 0’s and 1’s, the zero
vector and the vector with all components equal to 1.

The automorphism group of the Hamming code is the automorphism group of the
projective plane P2(F2) and hence equal to the group GL3(F2), which is a simple group
of order 168 studied by F. Klein.

The Hamming code is not self-dual, but it can be extended to a self-dual code of length
8 by a general recipe. Let C ⊂ Fn

2 be a binary code of length n. Consider the mapping

I : Fn
2 → Fn+1

2
(x1, . . . ,xn) �→ (x1, . . . ,xn,x1 + . . .+ xn)

.

The code C̃ := I(C) is called the extended code . This means that we have added an extra
overall parity check to the code C. The extended code H̃ := I(H) of the Hamming code is
called the extended Hamming code . This is an [8,4,4]-code with 1 codeword of weight 0,
14 of weight 4, and 1 of weight 8. Thus it is doubly even and self-dual, since all weights
are divisible by 4.

1.3 From Codes to Lattices

From binary linear codes we can construct lattices. Take the standard lattice Zn ⊂Rn and
consider the reduction mod 2:

ρ : Zn −→ (Z/2Z)n = Fn
2.
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This is a group homomorphism. Let C be an [n,k,d]-code. Since Fn
2/C ∼= Fn−k

2 , C is a
subgroup of index ∣∣Fn

2/C
∣∣= 2n−k

of Fn
2. Therefore ρ−1(C), the preimage of C in Zn, is a subgroup of index 2n−k of Zn. In

particular ρ−1(C) is a free abelian group of rank n. Therefore ρ−1(C) is a lattice in Rn.
One has

vol (Rn/ρ−1(C)) = |Zn/ρ−1(C)| vol (Rn/Zn)

= 2n−k .

Definition. ΓC := 1√
2
ρ−1(C).

The set ΓC is a lattice in Rn. Let x,y ∈ ΓC. Then x and y can be written

x =
1√
2
(c+2z) , y =

1√
2
(c′+2z′)

for some c,c′ ∈ {0,1}n representing codewords in C and some z,z′ ∈ Zn. By abuse of
notation we shall identify in the sequel Fn

2 with the subset {0,1}n of Zn and write briefly
c,c′ ∈C. Now

x2 =
1
2
(c2 +4cz+4z2)

and

x · y =
1
2
((x+ y)2 − x2 − y2)

≡ 1
4
((c+ c′)2 − c2 − (c′)2) (mod Z)

≡ 1
2

c · c′ (mod Z) .

It follows that x · y ∈ Z for all x,y ∈ ΓC if and only if c · c′ ∈ 2Z for all c,c′ ∈C. Therefore
ΓC is an integral lattice if and only if C ⊂C⊥. Moreover, we see that x2 ∈ 2Z for all x ∈ΓC
if and only if c2 ∈ 4Z for all c ∈C. This means that ΓC is even if and only if C is doubly
even.

Finally we see that

k =
n
2

⇐⇒ vol (Rn/ρ−1(C)) = 2n/2

⇐⇒ vol (Rn/ΓC) = 1.

From this it follows that C is self-dual if and only if ΓC is a unimodular integral lattice. So
we have shown:

Proposition 1.3. Let C be a linear code.
(i) C ⊂C⊥ if and only if ΓC is an integral lattice.
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(ii) C is doubly even if and only if ΓC is an even lattice.
(iii) C is self-dual if and only if ΓC is unimodular.

As an example consider the extended Hamming code H̃. Then ΓH̃ is an even unimod-
ular lattice in R8. We want to determine a basis of this lattice. First we consider the seven
vectors determined by the rows of the matrix defining the Hamming code

f1 :=
1√
2
(0,1,1,0,1,0,0,1)

f2 :=
1√
2
(0,0,1,1,0,1,0,1)

f3 :=
1√
2
(0,0,0,1,1,0,1,1)

f4 :=
1√
2
(1,0,0,0,1,1,0,1)

f5 :=
1√
2
(0,1,0,0,0,1,1,1)

f6 :=
1√
2
(1,0,1,0,0,0,1,1)

f7 :=
1√
2
(1,1,0,1,0,0,0,1)

Then f 2
i = 2 for all 1 ≤ i ≤ 7. Moreover fi · f j = 1 for all 1 ≤ i, j ≤ 7 with i �= j, since any

two lines of P2(F2) intersect in a point. Put

e1 = f1, e2 = f2 − f1, e3 = f3 − f2, e4 = f4 − f3,

e5 = f5 − f4, e6 = f6 − f5, e7 = f7 − f6.

Then e2
i = 2 for all 1 ≤ i ≤ 7, and ei · e j ∈ {0,−1} for all 1 ≤ i, j ≤ 7, i �= j. In order

to describe the matrix ((ei · e j)), we associate a graph to these elements as follows. We
represent each vector ei by a vertex. We connect the vertices corresponding to ei and e j
for i �= j by an edge if and only if ei · e j = −1. This graph is called the Coxeter-Dynkin
diagram corresponding to {e1, . . . ,e7}. It is the following graph

� � � � � � �

e1 e2 e3 e4 e5 e6 e7

It follows that the vectors e1, . . . ,e7 are linearly independent.
Next we consider the line through the points 2,3, and 5 in Fig. 1.3 as the line at infinity

and take the complement of this line where we attach the following weights to the points
in Fig. 1.3:

0 �→ −1
1 �→ −1
4 �→ 1
6 �→ −1 .
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This means that we take the vector

e8 :=
1√
2
(−1,−1,0,0,1,0,−1,0) ∈ ΓH̃ .

Clearly e2
8 = 2. It follows from the construction that

e8 · fi =

{
0 for i = 1,2,3,4,
−1 for i = 5,6,7.

Therefore the Coxeter-Dynkin diagram corresponding to {e1, . . . ,e8} is the graph

� � � � � � �

e1 e2 e3 e4 e5 e6 e7

� e8

This graph is the Coxeter-Dynkin diagram of an exceptional Lie group of type E8. In
particular det((ei · e j)) = 1. Therefore e1, . . . ,e8 form a basis of ΓH̃ . We call the lattice ΓH̃
the E8-lattice.

We determine the number of vectors x ∈ΓH̃ with x2 = 2. This is equal to the number of
vectors y ∈ ρ−1(H̃) with y2 = 4. Write y = c+2z with c ∈ H̃ and z ∈ Zn as above. There
are 14 possibilities for c with c2 = 4. In each case one can replace any of the 1’s by −1’s.
Since each c with c2 = 4 contains exactly 4 ones, this yields 16 possibilities for each c.
For c = 0 one has y2 = 4z2. There are 8 ·2 possibilities for z ∈ Zn with z2 = 1. Therefore
there are

14 ·16+8 ·2 = 240

vectors x ∈ ΓH̃ with x2 = 2.
We recall some facts from group theory. Let G be a group with identity element 1, and

let X be a set. We say that G acts on X if there is a mapping φ : G×X → X such that

(A1) φ(g1,φ(g2,x)) = φ(g1g2,x) for all g1,g2 ∈ G and x ∈ X ;
(A2) φ(1,x) = x for all x ∈ X .

These two conditions imply that φ induces a group homomorphism from G to the sym-
metric group on X .

Let G and H be groups and assume that G acts as a group of automorphisms on H. Let
φ : G×H → H be the corresponding group action. The basic example is when G and H
are subgroups of a larger group G′, G normalizes H, and the action of G on H is by inner
automorphisms: φ(g,h) = ghg−1. The semi-direct product H ·G is defined as follows: as
a set it is H ×G, and the multiplication is defined by

(h1,g1)(h2,g2) = (h1φ(g1,h2),g1g2).

Exercise 1.2 Check that this makes H ·G a group.

We have a short exact sequence of group homomorphisms
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1 → H i→ H ·G p→ G → 1

where i and p are defined by

i(h) = (h,1), p(h,g) = g.

A short exact sequence of group homomorphisms

1 → G′ α→ G′′ β→ G′′′ → 1

is called split if β has a right inverse, i.e., if there exists a homomorphism β ′ : G′′′ → G′′
such that β ◦β ′ = idG′′′ . One also says that the sequence splits.

Lemma 1.2. Let
1 → H α→ G′ β→ G → 1

be an exact sequence of group homomorphisms where G acts on H. Then this sequence
splits if and only if G′ is isomorphic to the semi-direct product of H and G.

Proof. First assume that this sequence splits. If β ′ : G→G′ is a right inverse of β , then we
define γ : H ·G → G′ by γ(h,g) = α(h)β ′(g). One easily checks that γ is an isomorphism.

Conversely, given γ : H ·G→G′, define β ′ : G→G′ by β ′(g)= γ(1,g). Then one easily
checks that β ′ is a right inverse of β , so the sequence splits. This proves Lemma 1.2. �

Exercise 1.3 Show that Aut(ΓC) contains a subgroup isomorphic to the semi-direct prod-
uct of (Z/2Z)n (acting by sign changes) and Aut(C).

1.4 Root Lattices

We have seen that the lattice ΓH̃ , for H̃ the extended Hamming code, is generated by
vectors x ∈Rn with x2 = 2. In this section we want to consider lattices with this property.

Let Γ ⊂ Rn be an even lattice, i.e., x2 ∈ 2Z for all x ∈ Γ . Let

R := {x ∈ Γ | x2 = 2} .

An element x ∈ R is also called a root.

Definition. An even lattice Γ ⊂ Rn is called a root lattice, if R generates Γ .

Now let Γ be a root lattice, and let R be the set of roots. Let x,y ∈ R. Then the Cauchy-
Schwarz inequality

(x · y)2 ≤ x2y2 = 4

yields
x · y ∈ {0,+1,−1,+2,−2}

and
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x · y =±2 ⇐⇒ x =±y .

Note that
x · y = 1 ⇐⇒ (x− y)2 = 2 ⇐⇒ x− y ∈ R .

Theorem 1.1. Let Γ ⊂ Rn be a root lattice. Then Γ contains a basis (e1, . . . ,en) with

e2
i = 2 , 1 ≤ i ≤ n,

ei · e j ∈ {0,−1} , 1 ≤ i, j ≤ n, i �= j .

Theorem 1.1 goes back to Witt [94]. Note that ei ·e j =−1 means that the angle ∠(ei,e j)
between ei and e j is 120o.

Definition. A subset S of R is called a fundamental system of roots if
(i) S is a basis of Γ .
(ii) Each β ∈ R can be written as a linear combination β = ∑α∈S kα α with integral

coefficients kα all non-negative or all non-positive.

Let S be a fundamental system of roots of R. Then S is a basis as in Theorem 1.1: Let
α,β ∈ S, α �= β . If α ·β > 0 then we must have α ·β = 1. But this means that α −β is a
root, contradicting condition (ii). Therefore α ·β ≤ 0 for all α,β ∈ S with α �= β .

In order to prove Theorem 1.1 it therefore suffices to show that each root system con-
tains a fundamental system of roots. We follow [82] and [39] in the construction of such
a fundamental system of roots.

Let t ∈ Rn be an element such that t ·α �= 0 for all α ∈ R. Such an element exists: The
set R is finite, since it is the intersection of a discrete set with a compact set. The set

Hα = {x ∈ Rn | x ·α = 0}

for α ∈ R is a hyperplane in Rn. But the union of finitely many hyperplanes in Rn cannot
exhaust Rn, giving the existence of t. Let

R+
t = {α ∈ R | t ·α > 0} .

Then we have R = R+
t ∪(−R+

t ). An element α ∈ R+
t is called decomposable, if there exist

β ,γ ∈ R+
t such that α = β + γ; otherwise, α is called indecomposable. Let St be the set

of indecomposable elements of R+
t .

Proposition 1.4. The set St is a fundamental system of roots for Γ . Conversely, if S is a
fundamental system of roots, then there exists a t ∈ Rn such that t ·α > 0 for all α ∈ S,
and S = St .

For the proof of Proposition 1.4 we shall proceed in steps.

Lemma 1.3. Each element of R+
t is a linear combination of elements of St with non-

negative integer coefficients.

Proof. Otherwise, there would be an α ∈ R+
t which does not have this property. Since

t · β > 0 for all β ∈ R+
t , we may assume that α is chosen so that t ·α is minimal. The
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element α is decomposable, because otherwise it would belong to St . Therefore α = β +γ
with β ,γ ∈ R+

t , and we have
t ·α = t ·β + t · γ.

Since t ·β > 0 and t ·γ > 0, t ·β < t ·α and t ·γ < t ·α . Since t ·α was minimal, the elements
β and γ can be written as linear combinations of elements of St with non-negative integer
coefficients, and hence α , too. This contradicts the assumption. �

Lemma 1.4. α ·β ≤ 0 for α,β ∈ St , α �= β .

Proof. Otherwise, α ·β = 1 and hence γ = α −β ∈ R. Then either γ ∈ R+
t or −γ ∈ R+

t . In
the first case α = β + γ would be decomposable, in the latter case β = α +(−γ) would
be decomposable, both being contradictions. �

Lemma 1.5. The elements of St are linearly independent.

Proof. Suppose that ∑
α∈St

aα α = 0. This relation can be written as

∑bβ β = ∑cγ γ

where bβ ,cγ > 0, and where β and γ range over disjoint subsets of St . Put λ = ∑bβ β .
Then

λ ·λ = ∑
β ,γ

bβ cγ(β · γ)≤ 0

by Lemma 1.4, forcing λ = 0. Then

0 = t ·λ = ∑bβ (t ·β ) ,

so that bβ = 0 for all β , and similarly cγ = 0 for all γ , as required. �

Lemma 1.6. Let {γ1, . . . ,γn} be a basis of Rn. Then there exists an element t ∈ Rn with
t · γi > 0 for all 1 ≤ i ≤ n.

Proof. Let δ ′
i be the orthogonal projection of γi on the subspace Ui spanned by all basis

vectors except γi, for i = 1, . . . ,n. Let δi := γi − δ ′
i . Then δi · γ j = 0 for 1 ≤ j ≤ n, j �= i,

and δi · γi = δi · (δi + δ ′
i ) = δ 2

i > 0. Then t =
n
∑

i=1
riδi is an element as required provided

that all ri > 0. �

Proof of Proposition 1.4. That St is a basis for Γ as required follows from Lemmas 1.3,
1.5. Conversely, let S be a fundamental system of roots of R, and let t ∈ Rn be such that
t ·α > 0 for all α ∈ S. Such an element exists according to Lemma 1.6. Let R+ denote
the set of all roots which are linear combinations with non-negative integer coefficients of
elements of S. Then we have R+ ⊂ R+

t and (−R+)⊂ (−R+
t ), so that R+ = R+

t since R =
R+ ∪ (−R+). Therefore the elements of S are indecomposable in R+

t , and hence S ⊂ St .
Since S and St have the same number of elements, we have S = St . This finishes the proof
of Proposition 1.4. �
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It turns out that the possible systems {e1, . . . ,en} with the properties of Theorem 1.1
can be classified. We recall that we can associate a graph (the Coxeter-Dynkin diagram)
to {e1, . . . ,en}. We represent each ei by a vertex. The edges are defined by the following
rule (i �= j)

ei · e j =−1 ⇐⇒ � �

ei e j

ei · e j = 0 ⇐⇒ � �

ei e j

Let G be the Coxeter-Dynkin diagram corresponding to a basis {e1, . . . ,en} as in The-
orem 1.1.

Lemma 1.7. G contains no cycles.

�
xr

�
x1

�
x2

�x3

�

x4

����������
�
�
�
��

�
�
�
��

�����

�
�
�
��

(r ≥ 3)
�
�
�
�
�
�
�
�
�
�
�

Fig. 1.4 A minimal cycle

Proof. Suppose that G contains a minimal cycle as in Fig. 1.4, where x1, . . . ,xr denote the
corresponding basis vectors. Then we have

(x1 + . . .+ xr)
2 = 2r−2r = 0,

which is impossible. This proves Lemma 1.7. �

Lemma 1.8. G does not contain a subgraph of the form of Fig. 1.5.

Proof. For the basis vectors corresponding to the subgraph of Fig. 1.5, we have

(2x1 + . . .+2xr + xr+1 + . . .+ xr+4)
2 = 8r+8−8(r−1)−16 = 0.

This proves Lemma 1.8. �
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�

x2

�

xr−1

�

xr

�
xr+4

�

xr+3

(r ≥ 1)

Fig. 1.5 A graph not contained in a Coxeter-Dynkin diagram of a root lattice
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�

�
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�
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�

yq−1

yq−2

y1

zr−1

zr−2

z1

c

x1

xp−2

xp−1

(p,q,r ≥ 1)

Fig. 1.6 General form of a connected Coxeter-Dynkin diagram

Now suppose that G is connected. Then according to Lemmas 1.7 and 1.8 the graph
must have the shape of Fig. 1.6. Let

w = c+
1
p
[(p−1)x1 +(p−2)x2 + · · ·+ xp−1]

+
1
q
[(q−1)y1 +(q−2)y2 + · · ·+ yq−1]

+
1
r
[(r−1)z1 +(r−2)z2 + · · ·+ zr−1].
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Then the vectors x1, . . . ,xp−1,y1, . . . ,yq−1,z1, . . . ,zr−1,w form a basis of the Q-vector
space Γ ⊗Q over Q. Note that xi⊥y j, xi⊥z j, yi⊥z j, for all i, j, and w⊥xi, w⊥yi, w⊥zi, for
all i, since, for example,

w · x1 = c · x1 +
(p−1) ·2− (p−2)

p
= 0,

w · xi =
p− i

p
·2− p− i+1

p
− p− i−1

p
= 0, p−2 ≥ i ≥ 2,

w · xp−1 =
1
p
(2− (p− (p−2))) = 0.

Therefore

w2 = w · c = 2− p−1
p

− q−1
q

− r−1
r

= −1+
1
p
+

1
q
+

1
r

.

Since the scalar product is positive definite, w2 > 0. This yields the following necessary
condition on the numbers p,q,r:

1
p
+

1
q
+

1
r
> 1.

This inequality has the following solutions with p ≤ q ≤ r:

(p,q,r) = (1,q,r) , q ≤ r arbitrary,
(2,2,r) , 2 ≤ r arbitrary,
(2,3,3) ,
(2,3,4) ,
(2,3,5) .

A lattice Γ is called reducible, if Γ is the orthogonal direct sum Γ =Γ1 ⊥Γ2 of two lat-
tices Γ1 ⊂Rn1 , Γ2 ⊂Rn2 with n1,n2 ≥ 1; otherwise it is called irreducible. If the Coxeter-
Dynkin diagram G corresponding to a root lattice Γ is connected, then the lattice Γ is
irreducible. In general the root lattice Γ is an orthogonal direct sum of lattices Γi corre-
sponding to the connected components Gi of the graph G. Therefore we have proved the
following theorem up to the existence of the corresponding lattices.

Theorem 1.2. Every root lattice is the orthogonal direct sum of the irreducible root lat-
tices with the Coxeter-Dynkin diagrams indicated in Fig. 1.7.

We now show the existence of the corresponding irreducible lattices.
An: Consider Rn+1 with standard basis (ε1, . . . ,εn+1). Let e be the vector e = ε1 +ε2 +

. . .+ εn+1 = (1,1, . . . ,1) ∈ Rn+1. Let

Γ = {x = (x1, . . . ,xn+1) ∈ Zn+1 | x · e = x1 + . . .+ xn+1 = 0} .
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� � � � �� � � � (n vertices) An
�

�
�
�

�	
	
	
� � � � � � � � (n vertices) Dn (n ≥ 3)

(D3 = A3)

� � � � �

�

E6

� � � � � �

�

E7

� � � � � � �

�

E8

Fig. 1.7 Coxeter-Dynkin diagrams of the irreducible root lattices

Then Γ is a lattice in e⊥ ∼= Rn. The lattice Γ is generated by elements εi − ε j (1 ≤ i, j ≤
n+1, i �= j), which are the roots in Γ . There are n(n+1) of them. The set {ε2 − ε1,ε3 −
ε2, . . . ,εn+1 − εn} is a basis of Γ with Coxeter-Dynkin diagram

� � � � � � � � � � �

ε2 − ε1 ε3 − ε2 ε4 − ε3 εn+1 − εn

Let A be the matrix of the scalar product with respect to this basis (cf. Sect. 1.1). Then

A =

⎛⎜⎜⎜⎜⎜⎜⎝
2 −1 0
−1 2 −1

−1 2
. . .

. . . . . . −1
0 −1 2

⎞⎟⎟⎟⎟⎟⎟⎠ .

Then one easily computes
disc (An) = detA = n+1.

Dn: For n ≥ 3 let

Γ = {(x1, . . . ,xn) ∈ Zn | x1 + . . .+ xn even}

In other words, Γ is obtained by coloring the points of the cubic lattice Zn alternately
black and white with a checkerboard coloring, and taking the black points. Then Γ is a
lattice in Rn, and it is generated by elements ±εi ± ε j and ±εi ∓ ε j (1 ≤ i, j ≤ n, i �= j),
which are the roots in Γ . There are 2n(n−1) of them. The set {ε2 − ε1,ε3 − ε2, . . . ,εn −
εn−1,ε1 + ε2} is a basis of Γ with Coxeter-Dynkin diagram
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�

�
�
�

�	
	
	
� � � � � � � � � � � � �

ε2 − ε1

ε1 + ε2

ε3 − ε2 ε4 − ε3 ε5 − ε4 εn − εn−1

The lattice Γ is of index 2 in the lattice Zn, so

disc (Dn) = 4.

To give another construction of Dn, consider the even-weight-code

C = {(u1, . . . ,un) ∈ Fn
2 | u1 + . . .+un = 0}.

Then Γ = ρ−1(C), where
ρ : Zn −→ (Z/2Z)n

is the reduction-mod-2-mapping. The code C is the kernel of the linear function

Fn
2 −→ F2

(u1, . . . ,un) �−→ u1 + . . .+un

Therefore
Zn/ρ−1(C)∼= Fn

2/C ∼= Z/2Z .

This also yields disc (Dn) = 4.
E8: We have already constructed this lattice from the extended Hamming code of length

8. We know that this lattice is unimodular.
E7: Consider the lattice E8, and let (e1, . . . ,e8) be a fundamental system of roots with

Coxeter-Dynkin diagram (cf. Sect. 1.3)

� � � � � � �

e1 e2 e3 e4 e5 e6 e7

� e8

Let v := 2e1 +3e2 +4e3 +5e4 +6e5 +4e6 +2e7 +3e8. Then v is a root of E8. Define

Γ = {x ∈ E8 | x · v = 0}.

This is a lattice in the orthogonal complement of the vector v in R8 which is isomorphic
to R7. Since ei ·v = 0 for i = 2, . . . ,8, the fundamental roots e2, . . . ,e8 of E8 are contained
in Γ . The Coxeter-Dynkin diagram corresponding to these roots is a graph of type E7.
Using e1 · v = 1, one can easily see that these roots generate Γ . Hence Γ is a root lattice
of type E7. By Proposition 1.2 we have
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disc (E7) = disc (A1) = 2.

E6: Consider again the lattice E8 and let v1 = v and v2 =−e1. Then v1 ·v2 =−1. Define

Γ = {x ∈ E8 | x · v1 = x · v2 = 0}.

This is a lattice in the orthogonal complement of the two vectors v1 and v2 in R8 which is
isomorphic to R6. Since ei · v2 = 0 for i = 3, . . . ,8, the fundamental roots e3, . . . ,e8 of E8
are contained in Γ . The Coxeter-Dynkin diagram corresponding to these roots is a graph
of type E6. Again one can easily see that these roots generate Γ . Hence Γ is a root lattice
of type E6. By Proposition 1.2 we have

disc (E6) = disc (A2) = 3.

Therefore we have shown the existence of lattices corresponding to the Coxeter-
Dynkin diagrams of type An, Dn, E6, E7 and E8. This completes the proof of Theorem 1.2.

We have constructed the lattice E8 as the lattice ΓC for a suitable binary linear code C.
We now want to discuss the question: For which of the irreducible root lattices Γ do there
exist binary linear codes C with Γ = ΓC? Note that until now we only know that Γ = ΓC
for E8, and in case Dn we know Γ = ρ−1(C), but not Γ =ΓC = 1√

2
ρ−1(C). The following

proposition will give a precise answer to this question. In order to state this proposition,
we need another definition.

Let Γ be a root lattice in Rn, and α ∈ Γ be a root. Consider the linear transformation
of Rn given by

x �−→ x−2
x ·α
α ·α α = x− (x ·α)α

This is a reflection at the hyperplane α⊥ orthogonal to α . We call it sα . It leaves α⊥
pointwise fixed, and sends any vector orthogonal to the hyperplane α⊥ into its negative.
Let W (Γ ) be the subgroup of GLn(R) generated by the reflections sα corresponding to
the roots α of Γ . This group is called the Weyl group of Γ .

For the following two lemmas see also [39, 10.4].

Lemma 1.9. Let Γ ⊂ Rn be an irreducible root lattice. Then the Weyl group W (Γ ) acts
irreducibly on Rn, i.e., if U is a W (Γ )-invariant subspace of Rn, then either U = 0, or
U = Rn.

Proof. Let U be a nonzero subspace of Rn invariant under W (Γ ). The orthogonal com-
plement U⊥ of U in Rn is also W (Γ )-invariant, and Rn = U ⊕U⊥. Let α ∈ Γ be a root.
Suppose that α �∈U . Let u ∈U be arbitrary. Since sα(U) =U , u− (u ·α)α ∈U . This im-
plies that u ·α = 0. Since this is true for any u ∈U , we have α ∈U⊥. Therefore each root
lies in U or in U⊥. Since R spans Γ , we have Γ = (U ∩Γ )⊥ (U⊥ ∩Γ ). But this implies
that U⊥∩Γ = {0}, since Γ is irreducible. Therefore Γ =U ∩Γ , and hence U =Rn, since
Γ spans Rn. This proves Lemma 1.9. �


One says that a group G acts transitively on a set X if for any x,y ∈ X there exists a
g ∈ G such that φ(g,x) = y where φ : G×X → X denotes the group action.
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Lemma 1.10. Let Γ ⊂ Rn be an irreducible root lattice. Then the Weyl group W (Γ ) acts
transitively on the set of roots R.

Proof. Let α and β be arbitrary roots of Γ . By Lemma 1.9, the elements w(α), w∈W (Γ ),
span Rn. Therefore not all w(α) can be orthogonal to β . After replacing α by w(α) for
some w ∈W (Γ ) if necessary, we may assume that α and β are non-orthogonal. We may
also assume that α and β are distinct and α �=−β , because otherwise we are done. Hence
α · β = ±1. Replacing β if necessary by −β = sβ (β ), we may assume that α · β = 1.
Then sα sβ sα(β ) = sα sβ (β −α) = sα(β −α −β ) = α . This proves Lemma 1.10. �

Remark 1.1 Lemma 1.10 implies that in the constructions for the lattices E7 and E6
above one can take any root v and any pair of roots v1, v2 with v1 · v2 =−1 respectively.

Proposition 1.5. Let Γ ⊂Rn be an irreducible root lattice. Then the following statements
are equivalent:

(i) Γ = ΓC for a binary linear code C ⊂ Fn
2.

(ii) Γ contains n pairwise orthogonal roots.
(iii) nA1 = A1 ⊥ . . .⊥ A1 (n times) ⊂ Γ .
(iv) −1 ∈W (Γ ).
(v) 2Γ ∗ ⊂ Γ .
(vi) Γ is of type A1, Dn (n ≥ 4, n even), E7, or E8.

Proof. (i)⇒(ii): Let Γ = ΓC for a binary code C ⊂ Fn
2, and let (ε1, . . . ,εn) be the standard

basis of Rn. Then 1√
2
2εi ∈ ΓC for all 1 ≤ i ≤ n. These are pairwise orthogonal roots.

(ii)⇔(iii): This is trivial, because a single root spans a lattice of type A1.
(ii)⇒(iv): Let α1, . . . ,αn be pairwise orthogonal roots of Γ . Then α1, . . . ,αn form an

R-basis of the vector space Rn. Let x ∈ Rn. Then x can be written x = ∑
i

ξiαi with ξi ∈ R.

Then

sα1sα2 . . .sαn(x) = sα1 sα2 . . .sαn

(
∑

i
ξiαi

)
= −∑

i
ξiαi

= −x ,

so −1 = sα1 sα2 . . .sαn ∈W (Γ ).
(iv)⇒(v): Let −1 ∈ W (Γ ). Then −1 = sβ1sβ2 . . .sβk

for certain roots β1, . . . ,βk ∈ Γ .
Let x ∈ Γ ∗. Then −x = sβ1sβ2 . . .sβk

(x) = x+ y with y ∈ Γ . Therefore

2x =−y ∈ Γ .

(v)⇔(vi): The quotient Γ ∗/Γ is a finite abelian group of order |Γ ∗/Γ | = disc (Γ ).
Now 2Γ ∗ ⊂ Γ is equivalent to

Γ ∗/Γ ∼= (Z/2Z)l , disc (Γ ) = 2l ,

for some l ≥ 0. For Γ = An
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Γ =

{
(x1,x2, . . . ,xn+1) ∈ Zn+1

∣∣∣∣∣ ∑i
xi = 0

}
,

Γ ∗ is generated by Γ and
( n

n+1 ,− 1
n+1 ,− 1

n+1 , . . . ,− 1
n+1

)
, and hence

Γ ∗/Γ ∼= Z/(n+1)Z .

For Γ = Dn

Γ =

{
(x1, . . . ,xn) ∈ Zn

∣∣∣∣∣ ∑i
xi even

}
,

Γ ∗ = Zn +Z

(
1
2
,

1
2
, . . . ,

1
2

)
,

and

Γ ∗/Γ ∼=
{
(Z/2Z)× (Z/2Z) for n even,
(Z/4Z) for n odd,

where Γ ∗/Γ is generated by ω1 = (1,0, . . . ,0) and ω2 = ( 1
2 ,

1
2 , . . . ,

1
2 ), if n is even, and

by ω2, if n is odd. Note that ω1 = 2ω2 (mod Γ ) if n is odd. Thus 2Γ ∗ ⊂ Γ if and only if
Γ = A1, Dn (n ≥ 4, n even), E7, or E8.

(vi)⇒(i): We indicate a binary linear code C with ΓC = Γ in each of the listed cases:
A1: C = {0} ⊂ F2

Dn (n ≥ 4, n even): Here C is the ”double” of the even weight code C̃ ⊂ F
n/2
2 , i.e.,

C̃ =
{
(u1, . . . ,un/2) ∈ F

n/2
2

∣∣ ∑ui = 0
} ⊂ F

n/2
2 ,

C = {v ∈ Fn
2 | v = (u1,u1, . . . ,un/2,un/2), u = (u1,u2, . . . ,un/2) ∈ C̃} .

E7: C = H⊥ ⊂ F7
2, where H is the Hamming code. This code consists of 0 and the 7

codewords of weight 4 of the Hamming code H.
E8: C = H̃ ⊂ F8

2, where H̃ is the extended Hamming code, as we have seen above.
This completes the proof of Proposition 1.5. �


Exercise 1.4 Let Γ ⊂Rn be a root lattice and w ∈W (Γ ) be an involution. Show that there
exists a set S of pairwise orthogonal roots such that w is equal to the product of the sα ,
α ∈ S.

We give a second, direct, proof of (i)⇒(v) in Proposition 1.5. For this proof we need a
general fact which we formulate as a lemma.

Lemma 1.11. Let C ⊂ Fn
2 be a binary linear code. Then

Γ ∗
C = ΓC⊥ .

Proof. Let ρ :Zn −→Fn
2 be the mapping induced by reduction mod 2. Let y∈ΓC⊥ , x∈ΓC.

Then y = 1√
2
ỹ, x = 1√

2
x̃ with ỹ ∈ ρ−1

(
C⊥), x̃ ∈ ρ−1(C). Now x̃ · ỹ ∈ 2Z, and therefore
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x · y ∈ Z. This proves ΓC⊥ ⊂ Γ ∗
C .

Now let k = dim C. Then

μ = vol (Rn/ΓC) =
2n−k

2n/2 = 2
n
2−k ,

μ∗ = vol (Rn/Γ ∗
C ) =

1
μ

= 2k− n
2 = vol (Rn/ΓC⊥) ,

which implies that ΓC⊥ = Γ ∗
C . �


Proof of Proposition 1.5, (i)⇒(v): Let Γ = ΓC for a binary linear code C ⊂ Fn
2. Then

Γ ∗ = ΓC⊥ by Lemma 1.11. Let x ∈ Γ ∗
C . Then x = 1√

2
(c+2y) for c ∈C⊥ and y ∈ Zn. Then

2x = 1√
2
(0+2z), with z ∈ Zn. Thus 2x ∈ ΓC, what had to be shown. �


In Table 1.1 we have listed the groups Γ ∗/Γ and their orders in each case. We have
also listed the numbers of roots |R|. These are obtained as follows: for An and Dn see the
existence proof concerning Theorem 1.2. The number of roots of E8 was computed in
Sect. 1.3. Similarly one gets the number of roots of E7, using that E7 = ΓH⊥ where H is
the Hamming code of length 7. For E6 see Example 5.1 and Exercise 5.1.

Exercise 1.5 Determine the number of roots of E7, using E7 = ΓH⊥ .

If Γ ⊂ Rn is a root lattice and R is its set of roots then the number

h :=
|R|
n

is called the Coxeter number of Γ . The Coxeter numbers of the irreducible root lattices
are listed in the last column of Table 1.1.

Table 1.1 List of groups Γ ∗/Γ

Γ Γ ∗/Γ |Γ ∗/Γ | |R| h

An Z/(n+1)Z n+1 n(n+1) n+1

Dn

{
(Z/2Z)× (Z/2Z) n even
(Z/4Z) n odd

}
4 2n(n−1) 2(n−1)

E6 Z/3Z 3 72 12
E7 Z/2Z 2 126 18
E8 {0} 1 240 30

Proposition 1.6. Let Γ ⊂ Rn be an irreducible root lattice. Then for a fixed y ∈ Rn we
have

∑
x∈R

(x · y)2 = 2 ·h · y2,

where h is the Coxeter number of Γ .
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For the proof of this proposition we need some preparations.
Let P ∈ C[y1, . . . ,yn] be a complex polynomial in n variables y1, . . . ,yn. Such a poly-

nomial P is called harmonic or spherical, if and only if ΔP = 0, where

Δ =
n

∑
i=1

∂
∂y2

i

is the Laplace operator.
Let Γ ⊂ Rn be a root lattice and let R be its set of roots. Consider the polynomial

f (y) := ∑
x∈R

(
(x · y)2 − 1

n
x2y2

)
in the variables y1, . . . ,yn. Since

Δ f = ∑
x∈R

(
Δ (x1y1 + . . .+ xnyn)

2 − 1
n

Δ
(
x2 (y2

1 + . . .+ y2
n
)))

= ∑
x∈R

(
2
(
x2

1 + . . .+ x2
n
)− 2n

n
x2
)

= 0,

the polynomial f is harmonic.
We also need the following lemma (cf. [6, Chap. V, §2, 1, Proposition 1]).

Lemma 1.12. Let Γ ⊂ Rn be an irreducible root lattice, and let W (Γ ) be the Weyl group
of Γ . Then the following is true:

(i) Each endomorphism of Rn commuting with every element of W (Γ ) is a homothety
(i.e., a scalar multiple of the identity).

(ii) Let b be a nonzero bilinear form on Rn invariant under W (Γ ). Then there exists a
ρ ∈ R, ρ �= 0, such that

b(x,y) = ρ(x · y)
for all x,y ∈ Rn.

Proof. (i) Let g be an endomorphism of Rn commuting with every element of W (Γ ). Let
α ∈ Γ be a root, and let L = Rα . Then g(L)⊂ L, since

−g(x) = g(sα x) = sα g(x)

for all x ∈ L and L = {x ∈ Rn | sα x =−x}. Therefore there exists a ρ ∈R such that g(x) =
ρx for all x ∈ L. Let U be the kernel of g−ρ · 1 . Then U is a subspace of Rn which is
invariant under W (Γ ) and nonzero, since it contains L. By Lemma 1.9, U = Rn, and
g = ρ ·1 . This proves (i).

(ii) Let b be a nonzero bilinear form on Rn invariant under W (Γ ). From linear algebra,
it is known that there exists an endomorphism g of Rn such that

b(x,y) = (g(x)) · y
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for all x,y ∈Rn. Since b is invariant under W (Γ ), the endomorphism g commutes with all
elements of W (Γ ). In fact, let x,y ∈ Rn and w ∈W (Γ ). Then one has

(gw(x)) · y = b(w(x),y)

= b
(
x,w−1(y)

)
= (g(x)) · (w−1(y)

)
= (wg(x)) · y,

and hence gw(x) = wg(x). By (i) there exists a ρ ∈ R such that g = ρ ·1 . Hence

b(x,y) = ρ(x · y)

for all x,y ∈ Rn, which proves (ii). �

Proof of Proposition 1.6. The polynomial f (y) is a quadratic form in y1, . . . ,yn invariant
under the Weyl group W (Γ ). By Lemma 1.12(ii) f (y) is a multiple of the quadratic form
y2. Since f is harmonic and Δ(y2) = 2n, f has to be equal to zero. This yields the formula
of Proposition 1.6. �


1.5 Highest Root and Weyl Vector

We continue our discussion of root lattices. The material in this section, however, will
only be needed in Chapter 4. A general reference for this section is [6].

Let Γ ⊂Rn be an irreducible root lattice, let R be its set of roots, and let (e1, . . . ,en) be

a fundamental system of roots of Γ . Then each root α ∈ R can be written as α =
n
∑

i=1
kiei

with integral coefficients ki all non-negative or all non-positive. If all ki ≥ 0 (resp. all
ki ≤ 0) we call α positive (resp. negative) and write α ≥ 0 (resp. α ≤ 0). The collections
of positive and negative roots (relative to (e1, . . . ,en) ) will usually be denoted by R+ and
R− respectively. We define a partial ordering on the set R of roots of Γ , compatible with
the notation α ≥ 0, as follows. For α,β ∈ R we define α ≥ β if and only if α −β = ∑kiei
with all ki ≥ 0.

Lemma 1.13. Relative to the partial ordering ≤ on R, there is a unique maximal root β .
This root satisfies the following two properties:

(i) β · ei ≥ 0 for all 1 ≤ i ≤ n.
(ii) If β = ∑miei then all mi > 0.

Proof. Let β = ∑miei be maximal in the ordering. Then β ≥ 0 or β ≤ 0. If β ≤ 0, β �= 0,
then β ≤ −β , β �= −β , which is a contradiction to the maximality of β . Thus mi ≥ 0
for all 1 ≤ i ≤ n. Let I = {i | 1 ≤ i ≤ n, mi > 0} and J be the complement of I in the
set {1,2, . . . ,n}. Then I �= /0. Suppose J is non-void. Since (e1, . . . ,en) is a fundamental
system of roots, ei · e j ≤ 0 for all 1 ≤ i, j ≤ n, and since Γ is irreducible, there exists an
i ∈ I and a j ∈ J with ei · e j < 0. Then
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β · e j = ∑
k∈I

mk (ek · e j)< 0.

But this implies that β + e j is a root, contradicting the maximality of β . Therefore J is
empty and all mi > 0. This argument also shows that β · ei ≥ 0 for all 1 ≤ i ≤ n, with
β · ei > 0 for at least one i, since {e1, . . . ,en} spans Γ .

Now let β ′ be another maximal root. The preceding argument applies to β ′, so β ′
involves (with positive coefficient) at least one ei with β ·ei > 0. It follows that β ′ ·β > 0,
and β − β ′ is a root unless β = β ′. But if β − β ′ is a root, then either β ≤ β ′ or else
β ′ ≤ β , which is absurd. So β is unique, and Lemma 1.13 is proved. �


The root β in Lemma 1.13 is called the highest root of R. For each of the lattices of
Theorem 1.2, the coefficients mi of the highest root are depicted in Fig. 1.8.
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�

2 4 6 5 4 3 2
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� � � � �
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1 2 3 2 1
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�

2 3 4 3 2 1

2
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�

�

� � � �� � � � � � � � �

1

1

2 2 2 1

� � � � �� � � � � � � � �
1 1 1 1 1

Fig. 1.8 Coefficients of the highest roots of the irreducible root lattices

Recall that sα for a root α is the reflection at the hyperplane α⊥.

Lemma 1.14. Let α = e j for some 1 ≤ j ≤ n. Then sα permutes the positive roots other
than α .

Proof. Let β ∈ R+−{α}, β =
n
∑

i=1
kiei, where ki ∈ Z, ki ≥ 0. The root β cannot be pro-

portional to α , since otherwise β 2 = 2 and k j ≥ 0 would imply β = α , contrary to the as-
sumption on β . Therefore we must have ki > 0 for some i �= j. Now sα(β ) = β −(β ·α)α ,
so that the coefficient of ei in sα(β ) is still ki. This means that sα(β ) has at least one pos-
itive coefficient, and hence sα(β ) ∈ R+. Since α is the image of −α , sα(β ) �= α . This
proves Lemma 1.14. �

Lemma 1.15. Let ρ = 1

2 ∑
α>0

α . Then ρ · ei = 1 for all 1 ≤ i ≤ n.
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Proof. By Lemma 1.14, sei(ρ) = ρ − ei and hence ρ · ei = 1 for all 1 ≤ i ≤ n. �

The vector ρ is called the Weyl vector of Γ .

Lemma 1.16. Let β =
n
∑

i=1
miei be the highest root. Then

n

∑
i=1

mi +1 = h,

where h is the Coxeter number of Γ .

Proof. By Lemma 1.15,
ρ ·β = ∑mi (ρ · ei) = ∑mi .

On the other hand,

ρ ·β =
1
2 ∑

α>0
α ·β

= ∑
α>0

(α ·β )2

(β ·β ) −1 (since α ·β ∈ {0,1} unless α = β )

=
1
2 ∑

α∈R

(α ·β )2

(β ·β ) −1.

Applying Proposition 1.6 we get

∑mi +1 = h .

This proves Lemma 1.16. �

Let β be the highest root of Γ . Let en+1 := −β . Then according to Lemma 1.13,

en+1 · ei ≤ 0 for all 1 ≤ i ≤ n. According to Fig. 1.8, −1 ≤ en+1 · ei except for n = 1
(type A1), where e2 · e1 = −2. We represent the inner product −2 in the Coxeter-Dynkin
diagram by connecting the corresponding vertices by two edges. Then the Coxeter-Dynkin
diagram corresponding to (e1, . . . ,en+1) is called the corresponding extended Coxeter-
Dynkin diagram. The extended Coxeter-Dynkin diagrams are the diagrams shown in
Fig. 1.9.

In contrast to the extended diagrams, we call the Coxeter-Dynkin diagrams of the irre-
ducible root lattices the ordinary diagrams.

Let ρ be the Weyl vector. We shall compute ρ2. For that purpose let (e∗1, . . . ,e
∗
n) be the

dual basis of (e1, . . . ,en). Then Lemma 1.15 implies that ρ = e∗1 + . . .+ e∗n. So

ρ2 = ∑
i, j

e∗i · e∗j = ∑
i, j

bi j,

where B = ((bi j)) is the inverse matrix of the matrix A = ((ei · e j)) (cf. Sect. 1.1).
We shall list the matrices B in each case of Theorem 1.2.
An: Consider a fundamental system of roots {e1, . . . ,en} with Coxeter-Dynkin diagram
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Fig. 1.9 Extended Coxeter-Dynkin diagrams
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e1 e2 e3 en

Then

e∗i =
1

n+1
[(n− i+1)e1 +2(n− i+1)e2 + . . .+(i−1)(n− i+1)ei−1

+i(n− i+1)ei + i(n− i)ei+1 + . . .+ ien]

for i = 1, . . . ,n.
Dn: Consider a fundamental system of roots {e1, . . . ,en} with Coxeter-Dynkin diagram

�

�
�
�

�	
	
	
� � � � � � � � � � � � �

en−1

en

en−2 en−3 en−4 e1
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Then

e∗i = e1 +2e2 + . . .+(i−1)ei−1 + i(ei + ei+1 + ...+ en−2)+
1
2

i(en−1 + en)

(1 ≤ i ≤ n−2),

e∗n−1 =
1
2
[e1 +2e2 + . . .+(n−2)en−2 +

1
2

nen−1 +
1
2
(n−2)en],

e∗n =
1
2
[e1 +2e2 + . . .+(n−2)en−2 +

1
2
(n−2)en−1 +

1
2

nen].

E8: Consider a fundamental system of roots {e1, . . . ,e8} with Coxeter-Dynkin diagram

� � � � � � �

e1 e2 e3 e4 e5 e6 e7

� e8

Then we have

B =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

2 3 4 5 6 4 2 3
3 6 8 10 12 8 4 6
4 8 12 15 18 12 6 9
5 10 15 20 24 16 8 12
6 12 18 24 30 20 10 15
4 8 12 16 20 14 7 10
2 4 6 8 10 7 4 5
3 6 9 12 15 10 5 8

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
.

E7: Corresponding to the set of roots {e2, . . . ,e8} of E8 we have

B =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝

3
2 2 5

2 3 2 1 3
2

2 4 5 6 4 2 3
5
2 5 15

2 9 6 3 9
2

3 6 9 12 8 4 6
2 4 6 8 6 3 4
1 2 3 4 3 2 2
3
2 3 9

2 6 4 2 7
2

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠
.

E6: Corresponding to the set of roots {e3, . . . ,e8} of E8 we have

B =

⎛⎜⎜⎜⎜⎜⎜⎝

4
3

5
3 2 4

3
2
3 1

5
3

10
3 4 8

3
4
3 2

2 4 6 4 2 3
4
3

8
3 4 10

3
5
3 2

2
3

4
3 2 5

3
4
3 1

1 2 3 2 1 2

⎞⎟⎟⎟⎟⎟⎟⎠ .

Computing ∑bi j in each case one gets
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Lemma 1.17. If h is the Coxeter number of Γ then

ρ2 =
1
12

nh(h+1).

For Sect. 4.3 we need the following lemma.

Lemma 1.18. Let Γ be an irreducible root lattice, and let (e1, . . . ,en) be a fundamental
system of roots of Γ . Then the vectors of Γ ∗ that have inner product 0 or 1 with all positive
roots of Γ (with respect to (e1, . . . ,en)) form a complete set of coset representatives for
Γ ∗/Γ .

Proof. Let y ∈ Γ ∗, y �= 0, be a vector with y ·α equal to 0 or 1 for all positive roots of Γ .
If β denotes the highest root of Γ , then y ·β = 1, because otherwise y ·β = 0 which would
imply y · ei = 0 for all i, 1 ≤ i ≤ n, a contradiction. Since

β =
n

∑
i=1

miei , all mi > 0,

we must have y · e j = 1 for some j with m j = 1 and y · ei = 0 for all i �= j. This implies
y = e∗j , where e∗j is an element of the dual basis (e∗1, . . . ,e

∗
n) of (e1, . . . ,en) satisfying

e∗j · ei = δi j. Let J be the set of indices i, 1 ≤ i ≤ n, with mi = 1. Examining the above
list of matrices B we see that the vectors e∗j , j ∈ J, form a complete set of nonzero coset
representatives for Γ ∗/Γ . This proves Lemma 1.18. �




Chapter 2

Theta Functions and Weight Enumerators

2.1 The Theta Function of a Lattice

Let Γ ⊂ Rn be a lattice. We associate to Γ a function which is defined on the upper half
plane

H= {τ ∈ C | Im τ > 0} ⊂ C.

For τ ∈H let q = e2πiτ .

Definition. The theta function of the lattice Γ is the function

ϑΓ (τ) := ∑
x∈Γ

q
1
2 x·x

for τ ∈H .

We shall show later that this is a well defined function. Now let Γ ⊂ Rn be an integral
lattice. Then the numbers x · x for x ∈ Γ are nonnegative integers. The coefficient of q

1
2 r̃

is equal to the number of x ∈ Γ with x · x = r̃.
Now let Γ be an even integral lattice. Then

ϑΓ (τ) =
∞

∑
r=0

arqr,

where ar = |{x ∈ Γ | x · x = 2r}|, so ϑΓ is the generating function for the finite numbers
ar. The number ar counts the points of the lattice Γ lying on a sphere of radius

√
2r around

the origin. This shows that ar grows like the area of the sphere, hence like
(√

2r
)n−1

. But

lim r
√(√

2r
)n−1

= 1,

so the series
∞
∑

r=0
arqr converges for |q|< 1, which is equivalent to τ ∈H.
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Our aim will be to prove the following theorem:

Theorem 2.1. Let Γ be an even unimodular lattice in Rn. Then
(i) n ≡ 0 (mod 8).
(ii) ϑΓ is a modular form of weight n

2 .

2.2 Modular Forms

The group

SL2(Z) =

{
g =

(
a b
c d

)∣∣∣∣ a,b,c,d ∈ Z, ad −bc = 1
}

acts on H by fractional linear transformations

τ �−→ g(τ) =
aτ +b
cτ +d

.

Note that Im g(τ) = Im τ
|cτ+d|2 > 0 if Im τ > 0.

The center {±1} of SL2(Z) acts trivially. The quotient G := SL2(Z)/{±1} is called
the modular group.

Let S and T be the elements of G represented by the matrices

S =

(
0 −1
1 0

)
and T =

(
1 1
0 1

)
.

The elements S and T act on H as follows:

S : τ �−→ −1
τ
, T : τ �−→ τ +1.

We shall show that G is generated by these elements.
Two points τ,τ ′ ∈ H are equivalent under G if there is an element g ∈ G such that

τ = g(τ ′). This is clearly an equivalence relation. The equivalence class of an element
τ ∈H is also called the orbit of τ under G. A fundamental domain for the action of G on
H is a subset D ⊂ H such that every element of H is equivalent to an element in D, and
two elements of D are equivalent only if they lie on the boundary of D. The stabilizer of
a point τ ∈H in G is the subgroup Gτ = {g ∈ G |g(τ) = τ}.

Let D be the subset of H formed of all points τ such that |τ| ≥ 1 and |Re τ| ≤ 1
2 (cf.

Fig. 2.1). Let η = e2πi/3.

Theorem 2.2. (i) The subset D is a fundamental domain for the action of G on H.
(ii) Let τ ∈ D. Then Gτ = {1} for τ �∈ {i,η ,−η}, Gi = {1,S}, Gη = {1,ST,(ST )2},

and G−η = {1,T S,(T S)2}.
(iii) The group G is generated by S and T .

Proof. (Cf. [81, Chap. VII, §1].) Let G′ be the subgroup of G generated by S and T .
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2 1

η −η

D

Fig. 2.1 A fundamental domain for the modular group

a) We shall first show that for every τ ∈ H there exists an element g ∈ G′ such that
g(τ) ∈ D. Let τ ∈H and choose

g =

(
a b
c d

)
∈ G′

such that − 1
2 ≤ Re g(τ)≤ 1

2 and

Im g(τ) =
Im τ

|cτ +d|2

is maximal. This is possible since Im g(τ) ≥ Im τ and thus |cτ +d| ≤ 1. But for a fixed
τ ∈ H there are only finitely many pairs (c,d) ∈ Z×Z such that |cτ + d| ≤ 1. We claim
that |g(τ)| ≥ 1 and hence g(τ) ∈ D. For suppose that |g(τ)|< 1. Then

Im Sg(τ) =
Im g(τ)
|g(τ)|2 > Im g(τ),

which is impossible by the choice of g.
b) We now show that if τ,τ ′ ∈ D, τ �= τ ′, are equivalent, then Re τ = 1

2 , Re τ ′ = − 1
2

and τ ′ = τ −1, or Re τ = − 1
2 , Re τ ′ = 1

2 and τ ′ = τ +1, or |τ| = |τ ′| = 1 and τ ′ = − 1
τ .

Together with a), this shows that D is a fundamental domain for the action of the group G
on H. At the same time we shall prove assertion (ii). Let τ ∈ D. Let

g =

(
a b
c d

)
∈ G

such that τ ′ = g(τ) ∈ D. We may assume that Im g(τ) ≥ Im τ because otherwise we
can interchange the points τ and τ ′ and replace g by its inverse. As we have already
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seen above, this implies |cτ + d|2 ≤ 1. Write τ = x+ iy. Since τ ∈ D, y ≥ 1
2

√
3. Hence

|cτ +d|2 = c2y2 +(cx+d)2 ≤ 1 implies c2 ≤ 4
3 . Since c ∈ Z, c =±1 or c = 0.

Let us first consider the case c = 0. Then d = 1 and τ ′ = g(τ) = τ + b. But τ ′ ∈ D,
τ �= τ ′, implies b = 1 and Re τ =− 1

2 , Re τ ′ = 1
2 , or b =−1 and Re τ = 1

2 , Re τ ′ =− 1
2 .

Now suppose that c = 1. Since |cτ +d| ≤ 1 we have three possibilities:

(α) |τ|= 1, d = 0,
(β ) τ = η , d = 1,
(γ) τ =−η , d =−1.

In case (α), the condition ad−bc= 1 implies b=−1 and g(τ)= a− 1
τ . If τ �∈ {η ,−η},

then we must have a = 0 and hence g = S. This also shows that Gi = {1,S}. If τ = η then
either a = 0 and g = S or a =−1 and

g =

(−1 −1
1 0

)
= T−1S = (ST )−1 = (ST )2.

This also shows that (ST )2 ∈ Gη . Finally, if τ =−η , then either a = 0 and g = S or a = 1
and

g =

(
1 −1
1 0

)
= T S ∈ G−η .

In case (β ), b = a−1 and g(η) = a− 1
η+1 . This implies a = 0 and

g =

(
0 −1
1 1

)
= ST ∈ Gη .

The case (γ) can be treated similarly.
Finally the case c =−1 can be reduced to the case c = 1 by changing the signs of a, b,

c, and d.
c) We finally show that G = G′. Then assertion (iii) follows. Let g ∈ G and let τ0 be a

point in the interior of D. By a) there is an element g′ ∈ G′ with g′g(τ0) ∈ D. By b) we
must have g′g = 1. Hence g ∈ G′. This completes the proof of Theorem 2.2. �

Definition. Let k be an even positive integer. A holomorphic function f :H �−→C is called
a modular form of weight k, if the following conditions are satisfied :

(i) f
( aτ+b

cτ+d

)
= (cτ +d)k f (τ) for all

(
a b
c d

)
∈ SL2(Z),

(ii) f has a power series expansion in q= e2πiτ , i.e., f is holomorphic at infinity τ = i∞.

Note that the first condition implies that f (τ) = f (τ +b) for all b ∈ Z, so f is periodic.
This implies that f has a Laurent series expansion in q = e2πiτ :

f (τ) =
+∞

∑
−∞

arqr.

The second condition means that this is actually a power series, i.e., ar = 0 for r < 0.
In view of Theorem 2.2, a modular form f of weight k is given by a series
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f (τ) =
∞

∑
r=0

arqr

which converges for |q|< 1 (i.e., τ ∈H ), and which satisfies the identity

f
(
−1

τ

)
= τk f (τ).

So in order to show that ϑΓ is a modular form of weight n
2 , we have to show that n

2 is
even, and that ϑΓ satisfies the identity

ϑΓ

(
−1

τ

)
= τ

n
2 ϑΓ (τ).

This will follow from the Poisson summation formula.

2.3 The Poisson Summation Formula

Let Γ ⊂ Rn be an arbitrary lattice, and let f : Rn → C be a function which satisfies the
following conditions (V1), (V2), and (V3):

(V1)
∫
Rn

| f (x)| dx < ∞

(V2) The series ∑
x∈Γ

| f (x+u)| converges uniformly for all u belonging to a compact

subset of Rn.

The condition (V1) implies the existence of the Fourier transform f̂ of f , which is defined
by the formula

f̂ (y) :=
∫
Rn

f (x)e−2πix·y dx.

The condition (V2) implies that the function F(u) := ∑
x∈Γ

f (x+ u) is continuous on Rn.

The third condition will be:

(V3) The series ∑
y∈Γ ∗

f̂ (y) is absolutely convergent.

Theorem 2.3 (Poisson summation formula). Let f : Rn �−→C be a function satisfying
the conditions (V1), (V2), and (V3). Then

∑
x∈Γ

f (x) =
1

vol (Rn/Γ ) ∑
y∈Γ ∗

f̂ (y).

Proof. We assume first that Γ = Zn. The function

F(u) := ∑
x∈Γ

f (x+u)
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is continuous by (V2) and periodic in u, i.e., F(u+ x) = F(u) for all x ∈ Zn. Hence it can
be developed into a Fourier series

∑
y∈Zn

e2πiu·ya(y),

where a(y) :=
∫

[0,1]n
F(t)e−2πiy·t dt. We shall show that

a(y) = f̂ (y). (2.1)

Then condition (V3) implies that the Fourier series of F converges absolutely and uni-
formly, hence it converges to a continuous function, hence to F . Then

F(0) = ∑
x∈Γ

f (x) = ∑
y∈Zn

f̂ (y),

which is the Poisson summation formula. The identity (2.1) follows from the following
equalities:

a(y) =
∫

[0,1]n
∑

x∈Zn
f (x+ t)e−2πit·y dt

= ∑
x∈Zn

∫
[0,1]n

f (x+ t)e−2πi(t+x)·y dt

= ∑
x∈Zn

∫
x+[0,1]n

f (t ′)e−2πit ′·y dt ′

= f̂ (y).

In the general case Γ = M ·Zn, where M ∈ GLn(Z). (The matrix M was denoted by C in
Sect. 1.1.) From Sect. 1.1 one can derive that Γ ∗ = (Mt)−1 ·Zn. Now

∑
x∈Γ

f (x) = ∑
x∈Zn

f (Mx) = ∑
x∈Zn

fM(x) = ∑
y∈Zn

f̂M(y),

where

f̂M(y) =
∫
Rn

f (Mt)e−2πit·y dt

=
1

detM

∫
Rn

f (t ′)e−2πi(M−1t ′)·y dt ′ (t = M−1t ′)

=
1

vol (Rn/Γ )
f̂
(
(Mt)−1y

)
(M−1t ′ · y = t ′ · (Mt)−1y).

But since Γ ∗ = (Mt)−1 ·Zn, it follows that
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∑
x∈Γ

f (x) = ∑
y∈Zn

f̂M(y) =
1

vol (Rn/Γ ) ∑
y∈Γ ∗

f̂ (y).

This proves the Poisson summation formula. �


Lemma 2.1. The function f : x �−→ e−πx2
(x ∈ Rn) is equal to its Fourier transform, i.e.,∫

Rn

e−πx2
e−2πix·y dx = e−πy2

.

Proof. By Fubini’s theorem it suffices to show the formula for n = 1. Let f̂ (y) =∫
R

e−πx2
e−2πixy dx for y ∈ R be the Fourier transform of f (x). Integration by parts with

g(x) = e2πixy, h′(x) =−2πxe−πx2
shows that

f̂ ′(y) =
∫
R

−2πixe−πx2
e−2πixy dx

= −2πy f̂ (y).

From this equality it follows that differentiating the quotient

f̂ (y)
e−πy2

yields 0. Hence there is a constant c such that f̂ (y) = ce−πy2
. But

f̂ (0) =
∫
R

e−πx2
dx = 1.

Hence c = 1, which proves the lemma. �


2.4 Theta Functions as Modular Forms

We want to prove Theorem 2.1. In order to be able to apply the results of Sect. 2.3, we
first show the following lemma.

Lemma 2.2. Let Γ ⊂ Rn be a lattice. Then the series

∑
x∈Γ

q
1
2 x·x = ∑

x∈Γ
eπiτx2

converges uniformly absolutely for all τ with Im τ ≥ v0 > 0.

Proof. Let Γ = M ·Zn for M ∈ GLn(R), and let
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ε := min
|x|=1

(Mx)2.

Then ε > 0 and (Mx)2 ≥ εx2 for all x ∈ Rn. This yields the following estimation

∑
x∈Γ

∣∣∣eπiτx2
∣∣∣= ∑

x∈Zn

∣∣∣eπiτ(Mx)2
∣∣∣≤ ∑

x∈Zn
e−πv0εx2

=

(
∞

∑
r=−∞

e−πv0εr2

)n

< ∞.

This proves the lemma. �

Lemma 2.2 shows that ϑΓ is well defined and holomorphic for τ ∈H.

Proposition 2.1. We have the identity

ϑΓ

(
−1

τ

)
=
(τ

i

) n
2 1

vol (Rn/Γ )
ϑΓ ∗(τ).

Proof. Since both sides of the identity are holomorphic in τ ∈H, it suffices to prove this
formula when τ = it with t ∈ R, t > 0. The Fourier transform of e−π( 1

t )x
2

is
(√

t
)n e−πty2

.
This follows from Lemma 2.1 with x̃ = 1√

t x. Therefore the Poisson summation formula
yields

ϑΓ

(
− 1

it

)
= ∑

x∈Γ
eπi(− 1

it )x
2
= ∑

x∈Γ
e−π( 1

t )x
2

=
1

vol (Rn/Γ ) ∑
y∈Γ ∗

(√
t
)n

e−πty2

= t
n
2

1
vol (Rn/Γ )

ϑΓ ∗(it),

which proves Proposition 2.1. �

Proof of Theorem 2.1. Let Γ be an even unimodular lattice in Rn. We first prove (i).
Suppose that n is not divisible by 8. We may also assume that n ≡ 4 (mod 8) because we
can replace Γ , if necessary, by Γ ⊥ Γ or Γ ⊥ Γ ⊥ Γ ⊥ Γ . Proposition 2.1 then yields

ϑΓ

(
−1

τ

)
= (−1)

n
4 τ

n
2 ϑΓ (τ) =−τ

n
2 ϑΓ (τ),

since Γ ∗ = Γ and vol (Rn/Γ ) = 1. Since ϑΓ is invariant under T ,

ϑΓ ((T S)τ) =−τ
n
2 ϑΓ (τ).

From this formula one derives

ϑΓ
(
(T S)3τ

)
=−(−1)

n
2 ϑΓ (τ) =−ϑΓ (τ).

But (T S)3 = 1, which is a contradiction. This proves (i).
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To prove (ii) it remains to show the identity at the end of Sect. 2.2:

ϑΓ

(
−1

τ

)
= τ

n
2 ϑΓ (τ).

But this follows from Proposition 2.1, since n ≡ 0 (mod 8), Γ = Γ ∗ and vol (Rn/Γ ) =
1. This shows that ϑΓ is a modular form of weight n

2 , and finishes the proof of Theo-
rem 2.1. �


2.5 The Eisenstein Series

We now consider some further very important examples of modular forms:

Definition. Let k ∈ Z, k even, k > 2. The series

Gk(τ) = ∑
(m,n)∈ Z2

(m,n)�=(0,0)

1
(mτ +n)k

is called the Eisenstein series of index k.

Proposition 2.2. The Eisenstein series Gk(τ)(k even, k > 2) is a modular form of weight
k.

It is clear from the definition that Gk(τ) is invariant under T : τ �−→ τ +1 and that

Gk

(
−1

τ

)
= τkGk(τ).

We have to prove that Gk : H−→C is holomorphic and that Gk has a power series expan-
sion in q = e2πiτ . We need the following lemma.

Lemma 2.3. Let L be a lattice in C∼= R2. Then the series

∑
γ∈L
γ �=0

1
|γ|σ

converges for σ > 2.

Proof. Let (ω1,ω2), ω1,ω2 ∈ C, be a basis for L. Let Pm be the parallelogram with the
vertices ±mω1 ±mω2 for m ∈ Z, m ≥ 1 (this means the boundary of the convex hull of
these points ). Then (cf. Fig. 2.2)

|Pm ∩L|= 8m.

Let r = minτ∈P1 |τ|. Then mr = minτ∈Pm |τ|. Then
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Fig. 2.2 The parallelogram Pm

∑
γ∈Pm∩L

1
|γ|σ ≤ 8m

1
(mr)σ

Hence the series

∑
γ∈L
γ �=0

1
|γ|σ =

∞

∑
m=1

∑
γ∈Pm∩L

1
|γ|σ

is majorized by the series

∞

∑
m=1

(8m)
1

(mr)σ = const.
∞

∑
m=1

1
mσ−1 .

But this series converges for σ > 2, since it can be majorized by the integral

∞∫
1

dx
xσ−1 .

�

Lemma 2.4. Gk is holomorphic in the upper half plane H.

Proof of Lemma 2.4. First suppose that τ is contained in the fundamental domain D. Then

|mτ +n|2 = m2ττ +2mn Re τ +n2 ≥ m2 −mn+n2 = |mη +n|2

This implies
|mτ +n|−k ≤ |mη +n|−k

for k even, k ≥ 2. By Lemma 2.3, the series
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∑
(m,n)∈Z2

(m,n)�=(0,0)

1
|mη +n|k

converges for k > 2. This shows that the series Gk(τ) converges uniformly on every com-
pact subset of D. Applying the result to Gk(g−1τ) for g ∈ SL2(Z)/{±1} shows that the
same holds for each of the transforms gD of D, which cover H. Thus Gk is the limit of a
sequence of holomorphic functions, which converges uniformly on every compact subset
of H. Therefore Gk is holomorphic on H. �


We now want to derive the power series expansion of Gk in q = e2πiτ . First consider
the Riemann ζ -function

ζ (s) :=
∞

∑
m=1

1
ms .

The right hand series converges for s ∈ C , Re s > 1, since for s = σ + it , σ , t ∈ R,

|ms|=
∣∣∣es logm

∣∣∣= eσ logm = mσ .

So the Riemann ζ -function ζ is defined and holomorphic for s ∈ C with Re s > 1.

Proposition 2.3. Let σl(r) := ∑
d|r

dl denote the sum of the l-th powers of the positive divi-

sors of r. Then one has

Gk(τ) = 2ζ (k)+
2(2πi)k

(k−1)!

∞

∑
r=1

σk−1(r)qr.

Proof. We consider the function τ �−→ π cotg πτ . Since

π cotg πτ = πi
eiπτ + e−iπτ

eiπτ − e−iπτ ,

τ �−→ π cotg πτ is a meromorphic function for τ ∈ C, which is holomorphic for τ ∈ H

and has poles on the real axis, namely for τ ∈ Z. Since

lim
τ→0

πτ cotg πτ = 1,

the residue in τ = 0 is equal to 1, and the same is true for all τ ∈ Z. By the theorem of
Mittag-Leffler (see for example [1, Chap. 5, §2.1] )

π cotg πτ =
1
τ
+

∞

∑
m=1

(
1

τ −m
+

1
τ +m

)
.

On the other hand

π cotg πτ = πi
e2πiτ +1
e2πiτ −1

= πi
q+1
q−1
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= πi
(

1−2 · 1
1−q

)
= πi

(
1−2

∞

∑
n=0

qn

)
.

Combining these two formulas, we get

1
τ
+

∞

∑
m=1

(
1

τ −m
+

1
τ +m

)
= πi

(
1−2

∞

∑
n=0

qn

)
.

Differentiating this formula (k−1)-times yields the identity (valid for k ≥ 2):

(−1)k
∞

∑
m=−∞

(k−1)!
(τ +m)k = (2πi)k

∞

∑
n=0

nk−1qn.

Now (for k even)

Gk(τ) = ∑
(m,n)∈Z2
(m,n)�=(0,0)

1
(nτ +m)k

= 2ζ (k)+2
∞

∑
n=1

∑
m∈Z

1
(nτ +m)k .

Applying the above identity with τ replaced by nτ , we get (k even!)

Gk(τ) = 2ζ (k)+
2(2πi)k

(k−1)!

∞

∑
d=1

∞

∑
n=0

nk−1qnd

= 2ζ (k)+
2(2πi)k

(k−1)!

∞

∑
r=1

σk−1(r)qr.

This proves Proposition 2.3. �

Proposition 2.2 follows from Lemma 2.4 and Proposition 2.3.
One normalizes the Eisenstein series to get the constant term a0 = 1 in the power series

expansion in q.

Definition. The normalized Eisenstein series is the series

Ek(τ) :=
1

2ζ (k)
Gk(τ).

Now the values ζ (k) for even k can be expressed in terms of the Bernoulli numbers Bk.
The Bernoulli numbers Bk are defined by

x
ex −1

=
∞

∑
k=0

Bk
xk

k!
.
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In particular B0 = 1, B1 = − 1
2 , Bk = 0 for k > 1,k odd, and, for example, B2 =

1
6 , B4 =

− 1
30 , B6 =

1
42 .

Proposition 2.4. If k is an even integer, k ≥ 2, then

ζ (k) =− (2πi)k

2 · k!
Bk.

Proof. We consider the function τ �−→ πτ cotg πτ . Then putting x= 2πiτ in the definition
of Bk yields

πτ cotg πτ = πiτ
eπiτ + e−πiτ

eπiτ − e−πiτ = πiτ
e2πiτ +1
e2πiτ −1

= πiτ +
2πiτ

e2πiτ −1
= 1+

∞

∑
k=2

Bk
(2πiτ)k

k!

= 1+
∞

∑
k=2

Bk
(2πi)k

k!
τk.

On the other hand, by the formula in the proof of Proposition 2.3, we have

πτ cotg πτ = 1+
∞

∑
m=1

(
τ

τ +m
+

τ
τ −m

)

= 1+2
∞

∑
m=1

τ2

τ2 −m2 = 1−2
∞

∑
m=1

τ2

m2

1− τ2

m2

= 1−2
∞

∑
m=1

∞

∑
l=1

τ2l

m2l .

Comparing coefficients yields the formula of Proposition 2.4. �

Corollary 2.1. With the Bernoulli numbers Bk one has

Ek(τ) = 1− 2k
Bk

∞

∑
r=1

σk−1(r)qr.

Proof. By Proposition 2.3, the definition of Ek, and Proposition 2.4, the coefficient in
front of the infinite sum is equal to

2(2πi)k

(k−1)!2ζ (k)
=− (2πi)k

(k−1)!
· 2k!
(2πi)kBk

=−2k
Bk

.

This proves the corollary. �

So, for example,

E4(τ) = 1+240
∞

∑
r=1

σ3(r)qr.
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E6(τ) = 1−504
∞

∑
r=1

σ5(r)qr.

Now consider
E3

4 −E2
6 .

This is a modular form of weight 12 with constant term a0 = 0 in the power series expan-
sion

∞

∑
r=0

arqr

in q. A modular form with constant term a0 = 0 in the power series expansion in q is
called a cusp form. So E3

4 −E2
6 is a nontrivial cusp form whose power series expansion in

q starts with
(3 ·240+2 ·504)q = 1728q.

We shall compute the coefficient of q2 as an exercise. We have

E4(τ) = 1+240q+240 ·9q2 + · · · ,
E6(τ) = 1−504q−504 ·33q2 + · · · .

So the coefficient of q2 in the power series expansion of E3
4 −E2

6 is

3 ·240 ·9+3 ·240 ·240+2 ·504 ·33−504 ·504 =−1728 ·24.

So (
E3

4 −E2
6
)
(τ) = 0+1728q+1728(−24) ·q2 + · · · .

In fact one has the following identity which we state without proof (for a proof see e.g.
[81, pp. 95–96]):

Δ :=
1

1728
(E3

4 −E2
6 ) = q

∞

∏
r=1

(1−qr)24 .

2.6 The Algebra of Modular Forms

Let k be an integer. The modular forms of weight k form a C-vector space which we
denote by Mk. We have Mk = 0 for k odd (by definition or extending the definition of
a modular form to allow odd weights). In this section we want to determine the vector
spaces Mk for k even.

We shall first derive a formula about the orders of the zeros of a modular form. Let f
be a holomorphic function on H, not identically zero, and let p be a point of H. Let

f (τ) =
∞

∑
r=0

ar(τ − p)r
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be the power series expansion of f in p. The smallest integer r with ar �= 0 is called the
order of f at p and is denoted by νp( f ).

Let G = SL2(Z)/{±1} be the modular group. When f is a modular form of weight k,
the identity

f (τ) = (cτ +d)−k f
(

aτ +b
cτ +d

)
shows that νg(p)( f ) = νp( f ) for all g ∈ G. In other terms, νp( f ) depends only on the
image of p in H/G. We define νi∞( f ) to be the smallest integer r with ar �= 0 in the power
series expansion

f (τ) =
∞

∑
r=0

arqr

of f in q = e2πiτ .
We denote by ep the order of the stabilizer Gp := {g ∈ G | g(p) = p} of G of the point

p. We have ep = 2 if p is congruent modulo G to i, ep = 3 if p is congruent to η modulo
G, and ep = 1 otherwise.

Theorem 2.4. Let f be a modular form of weight k, which is not identically zero. One has

νi∞( f )+ ∑
p∈H/G

1
ep

νp( f ) = νi∞( f )+
1
2

νi( f )+
1
3

νη( f )+ ∑
p∈H/G
p�=[i],[η ]

νp( f ) =
k

12
,

where [i], [η ] denote the classes of i,η respectively in H/G.

One can define a complex analytic structure on the compactification Ĥ/G := H/G∪
{i∞} of H/G. This turns Ĥ/G into a Riemann surface. One can show that this Riemann
surface is isomorphic to the Riemann sphere P1(C) = S2 = C∪{i∞}. Theorem 2.4 can
then be derived from the residue theorem on P1(C). The dimensions of the spaces Mk of
modular forms of weight k can then be computed using the Riemann-Roch theorem on
P1(C). A proof following these lines can be found in [28].

We give an elementary proof using the residue theorem in the complex plane C (cf. [81,
Chap. VII, §3]). We first have to verify that the sum in Theorem 2.4 makes sense, i.e., that
f has only a finite number of zeros in H modulo G. Indeed, since f is holomorphic at i∞,
there exists ρ > 0 such that f has no zeros for 0 < |q|< ρ; this means that f has no zeros
outside the compact subset Dρ of the fundamental domain D defined by the inequality
Im τ ≤ e2πρ . Since f is holomorphic in H, it has only a finite number of zeros in Dρ .

Proof of Theorem 2.4. We integrate the logarithmic derivative of f along the boundary
of the compact subset Dρ of the fundamental domain D of the action of G on H, cf.
Fig. 2.3. Let C be this contour, oriented counterclockwise. By the choice of ρ , Dρ contains
a representative of each zero of f in H.

We first suppose that there are no zeros of f on the boundary of Dρ . By the argument
principle we have

1
2πi

∫
C

f ′(τ)
f (τ)

dτ = ∑
p∈H/G

vp( f ).
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Fig. 2.3 Contour C

On the other hand∫
C

f ′(τ)
f (τ)

dτ =∫ B

A

f ′(τ)
f (τ)

dτ +
∫ C

B

f ′(τ)
f (τ)

dτ +
∫ D

C

f ′(τ)
f (τ)

dτ +
∫ E

D

f ′(τ)
f (τ)

dτ +
∫ A

E

f ′(τ)
f (τ)

dτ.

Now the first and fourth integral on the right-hand side cancel each other out, since the
transformation T ∈ G transforms the arc AB into the arc ED and f (T τ) = f (τ). The
transformation S ∈ G transforms the arc BC into the arc DC. Since f is a modular form of
weight k, f (Sτ) = τk f (τ). This implies that

f ′(Sτ)
f (Sτ)

= k · 1
τ
+

f ′(τ)
f (τ)

.

Hence we get ∫ C

B

f ′(τ)
f (τ)

dτ +
∫ D

C

f ′(τ)
f (τ)

dτ =
∫ C

B

(
f ′(τ)
f (τ)

− f ′(Sτ)
f (Sτ)

)
dτ

= −
∫ C

B

k
τ

dτ

= 2πi
k

12
.
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There remains to compute the integral∫ A

E

f ′(τ)
f (τ)

dτ.

Under the change of variables q = e2πiτ , the arc EA is transformed into the unit circle
centred around the origin, oriented clockwise. By the choice of C, the origin is the only
possible zero of f inside this circle. Therefore we get∫ A

E

f ′(τ)
f (τ)

dτ =−2πiνi∞( f ).

Putting everything together yields the formula of Theorem 2.4 in the case when there are
no zeros of f on the boundary of Dρ .

If there are zeros of f on the boundary of Dρ , we modify the contour C by taking small
arcs around these zeros as indicated in Fig. 2.4. We compute the limit of the integral of

...........................................................
........................

.......

.......
........
..........
............................................................................

.....................
.....................

......................................

................................................................................................................

................................................................................................................
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A

λ

B

B′ C C′
D

D′

T λ

E

Fig. 2.4 Modified contour C

f ′/ f over C as the radii of these circles tend to 0.
Let ω be the circle centred around η which contains the arc BB′ and is oriented clock-

wise. Then ∫
ω

f ′(τ)
f (τ)

dτ =−2πiνη( f ).
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When the radius of ω tends to 0, the angle of the arc BB′ tends to π
3 . Therefore the limit

of the integral ∫ B′

B

f ′(τ)
f (τ)

dτ

as the radius of ω tends to 0 is equal to

−2πi
6

νη( f ).

We get the same contribution by the limit of the integral over the arc DD′ which lies on a
small circle around −η .

Similarly we obtain for the limit of the integral of f ′/ f over the arc CC′

−2πi
2

νi( f ).

Finally, let λ be a zero of f on the boundary of D which is different from η , −η ,
and i. Then the orbit of λ under G intersects the boundary of D in two points, and the
contributions from the two small semi-circles around these points cancel each other. This
completes the proof of Theorem 2.4. �


Let M0
k denote the C-vector space of cusp forms of weight k. By definition, M0

k is
the kernel of the linear form f �−→ f (i∞) on Mk, which associates to f the coefficient
a0 = f (i∞) of the power series expansion

f (τ) =
∞

∑
r=0

arqr

of f in q. Thus we have dimMk/M0
k ≤ 1. Moreover, for k ≥ 4, k even, the (normalized)

Eisenstein series Ek is an element of Mk with Ek(i∞) = 1 �= 0. Hence we have

Mk = M0
k ⊕C ·Ek (for k ≥ 4, k even).

Theorem 2.5. (i) We have Mk = 0 for k odd, for k < 0, and for k = 2.
(ii) We have M0 = C, M0

0 = 0, and, for k = 4, 6, 8, 10, M0
k = 0, Mk = C ·Ek .

(iii) Multiplication by Δ = 1
1728 (E

3
4 −E2

6 ) defines an isomorphism of Mk−12 onto M0
k .

Proof. Let f be a nonzero element of Mk and consider the formula of Theorem 2.4

νi∞( f )+
1
2

νi( f )+
1
3

νη( f )+ ∑
p∈H/G
p�=[i],[η ]

νp( f ) =
k

12
.

Since all the terms on the left hand side of this formula are ≥ 0, we have k ≥ 0. The
formula also shows that the case k = 2 is impossible. This proves (i).

To prove (iii), let f = Δ , k = 12. Then the right-hand side of the above formula is equal
to 1. We have already seen in Sect. 2.5 that νi∞(Δ) = 1. The above formula then shows
that Δ does not vanish on H. Therefore multiplication by Δ is injective.
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To prove surjectivity, let f be an element of M0
k , and set g = f

Δ . Then g is of weight
k−12. One has

νp(g) = νp( f )−νp(Δ) =

{
νp( f ) if p �= i∞,

νp( f )−1 if p = i∞.

By definition, νi∞( f )≥ 1. Therefore νp(g)≥ 0 for all p, and hence g is holomorphic in H

and at infinity. This shows that g ∈ Mk−12. This proves (iii).
Finally, we prove (ii). If k ≤ 10, then we have k−12 < 0. From (i) and (iii) we deduce

that M0
k = 0 and dimMk ≤ 1 for k ≤ 10. Now (ii) follows, since Ek is a nonzero element

of Mk.
This completes the proof of Theorem 2.5. �

If we apply the formula of Theorem 2.4 to f = E4 and k = 4, then we see that the only

zero of E4 in D is η , and it is of order 1. Similarly we find that the only zero of E6 in D is
i, and νi(E6) = 1.

Let M = ∑∞
k=0 Mk be the sum of the vector spaces Mk. This sum is direct, since by the

transformation formula, a non-trivial modular form has a unique weight. We have already
made use of the fact that multiplication of functions defines a mapping

Mk ×Ml −→ Mk+l .

This turns M =
∞⊕

k=0

Mk into a graded algebra.

Let f1, . . . , fm ∈ M. Recall that f1, . . . , fm are called algebraically dependent, if there
is a non-trivial polynomial P ∈ C[x1, . . . ,xm] such that P( f1, . . . , fm) is identically zero.
Otherwise, f1, . . . , fm are called algebraically independent.

Corollary 2.2. The algebra M of modular forms is isomorphic to the polynomial algebra
C[E4,E6] of complex polynomials in the Eisenstein series E4 and E6, i.e.,

M = C[E4,E6].

Proof. (Cf. also [53, pp.10–12].) We first prove that E4 and E6 generate the algebra M. For
this purpose, we have to show that each vector space Mk is generated by monomials in E4
and E6. This is clear for k ≤ 6 by (i) and (ii) of Theorem 2.5. Let k be an even integer with
k ≥ 8. Let f ∈ Mk. Let g = Eα

4 Eβ
6 , where α = r, β = 0, if k = 4r, and α = r−1, β = 1,

if k = 4r + 2. Then g is a modular form of weight k which does not vanish at infinity.
Therefore we can find λ ∈ C such that f −λg is a cusp form. If k ≤ 10, then f −λg = 0
by Theorem 2.5(ii) and we are done. If k ≥ 12, by Theorem 2.5(iii) there exists h ∈ Mk−12
such that

f −λg = Δh.

Now the proof is finished by induction on k.
In order to prove that M is isomorphic to the polynomial algebra C[E4,E6], it remains

to prove that E4 and E6 are algebraically independent. Assume that P is a non-trivial
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complex polynomial such that P(E4,E6) ≡ 0. Then every monomial of weighted degree
k occurring in P with a nonzero coefficient is a modular form of weight k. Since M is the
direct sum of the vector spaces Mk, all such weights have to be the same. Therefore we can
assume that P is a weighted homogeneous polynomial of weighted degree k. Moreover,
E4 divides each monomial of P. Otherwise, we would have

P(E4,E6) = cEα
6 +E4P̃(E4,E6),

where c ∈ C, c �= 0, α is a non-negative integer with α ≥ 1, and P̃ a non-trivial weighted
homogeneous polynomial of weighted degree k − 4. Since E4(η) = 0 and E6(η) �= 0,
this is impossible. Therefore c = 0, and we find a relation P̃(E4,E6)≡ 0 of lower degree.
Using induction, we derive a contradiction. This concludes the proof of Corollary 2.2. �


As a first application of this corollary we show the uniqueness of the E8-lattice.

Proposition 2.5. Let Γ be an even unimodular lattice in R8. Then Γ is isomorphic to E8.

Proof. Let ϑΓ be the theta function of Γ . By Theorem 2.1, ϑΓ is a modular form of
weight 4. By Theorem 2.5, M4 =C ·E4. Since ϑΓ has constant term 1 in the power series
expansion in q, ϑΓ = E4. So

ϑΓ (τ) = 1+240q+higher order terms.

This implies that there are 240 roots in Γ . These roots generate a (possibly reducible) root
sublattice of rank ≤ 8. This lattice must be of type E8, since any other root lattice of rank
≤ 8 contains less roots (cf. Table 1.1). Therefore Γ is isomorphic to E8. �

Remark 2.1 The history of the E8-lattice starts in the second half of the last century.
In 1867, H. J. S. Smith [86] proved the existence of an even unimodular 8-dimensional
lattice in a non-constructive way. Later, explicit constructions were given by A. Korkine
and G. Zolotareff in 1873 [49, 50, 51], and by H. Minkowski (1884) [63]. The E8-lattice
occurs in many branches of mathematics. For example Milnor used it in his construction
of exotic spheres (∼1958). He used a basis with Coxeter-Dynkin diagram (see [62])

� � � � � �

� �

– – –

where ei •−−−•e j means ei ·e j = 1, i.e., ∠(ei,e j) = 60◦. In fact one has to interchange
straight and dashed lines in order to get Milnor’s original basis.

Exercise 2.1 Show that this diagram defines the E8-lattice, i.e., reconstruct the standard
diagram of E8.
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2.7 The Weight Enumerator of a Code

Let C ⊂ Fn
q be a (linear) code of type [n,k,d]. Recall that we denote by w(u) the weight

of a codeword u ∈C (cf. Sect. 1.2).

Definition. The Hamming weight enumerator of C is the polynomial

WC(X ,Y ) := ∑
u∈C

Xn−w(u)Y w(u)

=
n

∑
i=0

AiXn−iY i,

where Ai is the number of codewords of weight i. This is a homogeneous polynomial of
degree equal to the length of the code. Note that

n

∑
i=0

Ai = qk.

Example 2.1 For the Hamming code H ⊂ F7
2

WH(X ,Y ) = X7 +7X4Y 3 +7X3Y 4 +Y 7,

and for the extended Hamming code H̃ ⊂ F8
2

WH̃(X ,Y ) = X8 +14X4Y 4 +Y 8.

We now want to give applications of the results on theta functions and modular forms.

Proposition 2.6. Let C ⊂ Fn
2 be a self-dual doubly even code. Then n ≡ 0 (mod 8).

Proof. This follows from Theorem 2.1, since the lattice ΓC is an even unimodular lattice
in Rn by Proposition 1.3. There is also an independent proof, using only results from
coding theory. �

Proposition 2.7. Let n = 24. Let C ⊂ F24

2 be a self-dual doubly even code, and let
WC(X ,Y ) be the Hamming weight enumerator of C. Then Ai = 0 for i �≡ 0 (mod 4) and

A8 = 759−4A4.

Proof. We denote by ϑC the theta function ϑΓC of the lattice ΓC. Then

ϑC(τ) =
∞

∑
r=0

arqr,

where a1(a2) is the number of elements x = 1√
2
(c+ 2y) ∈ ΓC, c ∈ C, y ∈ Z24, with x2 =

2 (resp. 4). So
a1 = 24 ·2+16A4,
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since a1 is the number of pairs (c,y), c ∈ C, y ∈ Z24 with c2 + 4cy+ 4y2 = 4, and 4 =
(±1)2+(±1)2+(±1)2+(±1)2 = (±2)2 are the only ways to write 4 as a sum of squares.
Similarly

a2 = 28A8 +16A4 ·20 ·2+
(

24
2

)
·4.

So we can derive a relation between A4 and A8 from a relation between a1 and a2. �

Lemma 2.5. Let f be a modular form of weight 12 and

f (τ) =
∞

∑
r=0

arqr

its power series expansion in q. Then

a2 =−24a1 +196560a0.

Proof. By Corollary 2.2 we have only to verify this for E3
4 and E2

6 , or, more conveniently,
for Δ = 1

1728 (E
3
4 −E2

6 ) and E2
6 . Now

Δ =
1

1728
(E3

4 −E2
6 ) = 0 ·1+q−24q2 + . . . ,

as we have seen at the end of Sect. 2.5, and

E6 = 1−504q−504 ·33q2 + . . . ,

E2
6 = 1−2 ·504q+(5042 −2 ·504 ·33)q2 + . . .

= 1−1008q+220752q2 + . . . ,

but 220752 = 196560+24 ·1008. This proves the lemma. �

Proposition 2.8. Let Γ ⊂ R24 be an even unimodular lattice. Then

a2 = 196560−24a1.

Proof. This follows from Lemma 2.5, since the theta function ϑΓ is a modular form of
weight 12 (Theorem 2.1), and a0 = 1 for ϑΓ . �


Now Proposition 2.7 follows from Proposition 2.8.

Example 2.2 Let us consider the code C = H̃ ⊕ H̃ ⊕ H̃ ⊂ F24
2 . Then

WC(X ,Y ) =
(
X8 +14X4Y 4 +Y 8)3

= X24 +42X20Y 4 +(3 ·142 +3)X16Y 8 + . . .

= X24 +42X20Y 4 +591X16Y 8 + . . . ,

and 591 = 759−168, which is the assertion of Proposition 2.7.
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Propositions 2.7 and 2.8 give rise to the following questions: Is there a linear code G̃
with A4 = 0? Is there a lattice Γ with a1 = 0? Note that such a lattice cannot be of the
form ΓC, since a1 ≥ 48 for ΓC.

Let us suppose that there exists a linear code G̃ with A4 = 0. Then this code determines
759 8-subsets (i.e., subsets with 8 elements) of the set {1,2, . . . ,24}. Since G̃ is doubly
even, each 5-subset is contained in at most one of these 8-subsets (otherwise add the
two codewords; you get a codeword of weight not divisible by 4 or of weight 4 which is
excluded by A4 = 0). There are (

24
5

)
= 759 ·

(
8
5

)
5-subsets. Therefore each 5-subset is contained in exactly one of the 759 8-subsets. This
means that the codewords of G̃ of weight 8 form a Steiner system S(5,8,24). By a theorem
of Witt [93], such a system is unique to within a permutation of the set {1,2,3, . . . ,24}.
The group of permutations of this set fixing the Steiner system S(5,8,24) is the Mathieu
group M24 (see [66, Chap. 20]). This is a sporadic simple group.

Remark 2.2 The lines in P2(F2) form a Steiner system S(2,3,7), and this corresponds to
the binary [7,4,3] Hamming code.

2.8 The Golay Code and the Leech Lattice

We now show that there exists a unique doubly even linear code G̃ ⊂ F24
2 with A4 = 0.

This is the extended binary Golay code, discovered by M. J. E. Golay in 1949 [27]. The
presentation in this section is strongly influenced by [7] and by personal communication
and private notes by J. H. van Lint.

We shall first show that there is at most one such code. For the proof of this fact we
follow [7]. We need some preparations.

Definition. Let S be a set with v elements and let B be a collection of k-subsets of S
(which we call blocks) with the property that any t-subset of S is contained in exactly λ
blocks. Then the pair (S,B) is called a t-design, more precisely, a t-(v,k,λ ) design. The
elements of S are called the points of the design. A Steiner system is a t-design with λ = 1.
A t-(v,k,1) design is also called a Steiner system S(t,k,v).

For the proof of the following proposition we need some elementary facts from design
theory (cf. e.g. [8]). Consider a t-(v,k,λ ) design. Let S j be a given set of j points with
0 ≤ j ≤ t and denote by λ j the number of blocks containing S j. There are two ways to
choose t points starting with the given j ones. One can first choose a block containing S j
and then choose t − j further points from this block. There are

λ j

(
k− j
t − j

)
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possibilities for this choice. On the other hand one can first choose t − j arbitrary further
points and then a block containing all t points. This yields(

v− j
t − j

)
λ

choices. So we obtain the equality

λ j

(
k− j
t − j

)
=

(
v− j
t − j

)
λ . (2.2)

It follows that the number λ j is independent of the choice of the original set S j. The
number λ0 is the total number of blocks and is usually denoted by b. The number λ1 is
the number of blocks containing a given point and is also denoted by r.

Lemma 2.6. In a 2-(v,k,λ ) design with b = v and k = r, any two blocks have exactly λ
common points.

Proof. We arrange the characteristic vectors of the blocks as the rows of a b×v matrix M
with entries 0 or 1. This matrix is also called the incidence matrix of the design. By our
assumptions b = v. The conditions that any block contains k points and that any point lies
in r blocks can be expressed in terms of M in view of k = r as follows:

MJ = kJ = rJ = JM.

Here J is the v× v matrix with all entries equal to 1. The condition that any pair of points
lies in λ blocks can be expressed as follows:

MtM = (r−λ )I +λJ,

where I is the v× v identity matrix. Since M commutes with J and Mt = ((r − λ )I +
λJ)M−1, M also commutes with Mt and we have

MMt = (r−λ )I +λJ.

This means that any two blocks have exactly λ points in common. �

Proposition 2.9. There is (essentially) only one 2-(11,5,2)-design.

Proof. The collection of blocks of a 2-(11,5,2) design is a set of 5-subsets of an 11-set
such that every pair of points is contained in exactly 2 blocks. By Equation 2.2 we have
b = v = 11 and r = k = 5. Therefore the conditions of Lemma 2.6 are satisfied and it
follows from this lemma that any two blocks have 2 common points. Therefore we can
conclude as follows. Without loss of generality we can assume that the characteristic
vector of the first block is (1 1 1 1 1 0 0 0 0 0 0). The remaining blocks correspond to the
2-subsets of the first five points. One can order these lexicographically. It is an elementary
exercise to show that we are left with two possibilities (up to permutation of the points)
for the incidence matrix. It is either the matrix
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1 1 1 1 1 0 0 0 0 0 0
1 1 0 0 0 1 1 1 0 0 0
1 0 1 0 0 1 0 0 1 1 0
1 0 0 1 0 0 1 0 1 0 1
1 0 0 0 1 0 0 1 0 1 1
0 1 1 0 0 0 1 0 0 1 1
0 1 0 1 0 0 0 1 1 1 0
0 1 0 0 1 1 0 0 1 0 1
0 0 1 1 0 1 0 1 0 0 1
0 0 1 0 1 0 1 1 1 0 0
0 0 0 1 1 1 1 0 0 1 0

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
or its transpose. But the transpose matrix is obtained by interchanging columns 4 and 5,
7 and 8, and 9 and 10 and the corresponding rows. In this way one sees that up to renum-
bering of the points one obtains exactly one such design. This proves Proposition 2.9.
�

Definition. A code C ⊂ Fn

2 with minimum distance d = 2e+1 is called a perfect code if
one of the following equivalent conditions holds:

(i) Every x ∈ Fn
2 has distance ≤ e to exactly one codeword.

(ii) |C|(1+ (n
1

)
+ . . .+

(n
e

)
) = 2n.

Theorem 2.6. Let C be a binary (24,212,8)-code containing 0. Then C is a doubly even
self-dual linear [24,12,8]-code, and there is up to equivalence at most one such code.

Proof. Let C be such a code. Take any coordinate position and delete it (one calls this
process puncturing of the code). One finds a (23,212,7)-code C0. Since

212(1+
(

23
1

)
+

(
23
2

)
+

(
23
3

)
) = 223,

the punctured code C0 is perfect. It follows from this fact that the code C0 has weight
enumerator coefficients A0 = A23 = 1, A7 = A16 = 253, A8 = A15 = 506, A11 = A12 =
1288. (This can be seen as follows: Since C0 is perfect, the sphere around 0 ∈C0 of radius
3 covers the vectors of weight at most 3. The

(23
4

)
vectors of weight 4 must be covered

by spheres of radius 3 around codewords of weight 7, so that A7 =
(23

4

)
/
(7

4

)
= 253; next

A8 = [
(23

5

)−A7
(7

5

)
]/
(8

5

)
= 506; etc.) Now if C contains a word of weight w not divisible

by 4, then by suitably puncturing we would find a C0 containing a word of weight w or
w−1 not equal to 0 or −1 (mod4), which is a contradiction since any puncturing yields
the above weight distribution. Hence C has weight enumerator coefficients A0 = A24 = 1,
A8 = A16 = 759, A12 = 2576. Giving an arbitrary vector in C the role of 0 we see that all
distances between codewords are divisible by 4. If u,v ∈C then

d(u,v) = w(u)+w(v)−2〈u,v〉,

where 〈 , 〉 is the inner product with values in the real numbers. So 〈u,v〉 is even, and
it follows that C ⊂ C⊥. But C⊥ is a linear subspace of dimension 24− dim〈C〉 ≤ 12. It
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follows that the span 〈C〉 of C has ≤ 212 elements. Since C has 212 elements, we see that
C =C⊥ and C is linear.

Consider a vector u of weight 12 in C such that u + u = 1 (1: the all one vector)
for some vector u of weight 12. Consider the code Cu obtained from C by omitting all
coordinate positions where u has a 1. This code has word length 12, dimension 11, and all
words have even weight. Hence it must be the even weight code of length 12 consisting
of all vectors in F12

2 of even weight. This means that C has a generator matrix of the form⎛⎜⎜⎝
111 1 0 011

A (011)t (111)t I11

⎞⎟⎟⎠ ,

where I11 is the 11×11 unit matrix and ak is the notation for a row vector with k compo-
nents of type a. The matrix A has the following properties

(i) Every row has weight ≥ 6.
(ii) Any two rows have distance ≥ 6.

The first row of the above generator matrix of C corresponds to u. Since every row of
this matrix has distance ≥ 8 to u, every row has weight 6 in A. From equality in (i) one
can easily deduce equality in (ii). Let J be the 11×11 matrix with all entries equal to 1.
Then J −A is the incidence matrix of a 2-(11,5,2) design. The uniqueness of C thereby
follows from Proposition 2.9. �


We now show the existence of such a code. The construction which we give is due to
J. H. Conway (see also [21, Chap. 11]).

We start by constructing a special [6,3,4]-code over F4. Here F4 = {0,1,ω,ω}, ω2 =
ω +1 = ω . The words of this code are of the form

(a,b,c, f (1), f (ω), f (ω)), where f (x) := ax2 +bx+ c.

This code is called the hexacode. A generator matrix for this code is⎛⎝ 1 0 0 1 ω ω
0 1 0 1 ω ω
0 0 1 1 1 1

⎞⎠ .

Exercise 2.2 Show that the minimum distance of this code is 4, and that no codeword has
weight 5.

We now construct a binary linear code G̃ of length 24 as follows. The words of this
code are represented by 4× 6 matrices with entries 0 or 1 satisfying the following two
rules:

(A) The six column sums and the first row sum have the same parity.
(B) If ri denotes the i-th row (1 ≤ i ≤ 4), then r2 +ωr3 +ωr4 is in the hexacode.

Such a codeword is found in the following way:
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(i) Pick a word in the hexacode.
(ii) Choose a parity of the first row.
(iii) Choose the first 5 columns in such a way that the sum in (B) yields the corre-

sponding coordinate in the chosen hexacodeword. The following columns yield
the indicated elements of F4:

⎛⎜⎜⎝
0
0
0
0
0

⎞⎟⎟⎠
⎛⎜⎜⎝

0
1
1
1
1

⎞⎟⎟⎠
⎛⎜⎜⎝

0
1
0
0
0

⎞⎟⎟⎠
⎛⎜⎜⎝

0
0
1
1
1

⎞⎟⎟⎠
⎛⎜⎜⎝

1
1
1
0
0

⎞⎟⎟⎠
⎛⎜⎜⎝

1
0
0
1
1

⎞⎟⎟⎠
⎛⎜⎜⎝

1
0
1
0
0

⎞⎟⎟⎠
⎛⎜⎜⎝

1
1
0
1
1

⎞⎟⎟⎠
⎛⎜⎜⎝

ω
1
0
1
0

⎞⎟⎟⎠
⎛⎜⎜⎝

ω
0
1
0
1

⎞⎟⎟⎠
⎛⎜⎜⎝

ω
0
0
1
0

⎞⎟⎟⎠
⎛⎜⎜⎝

ω
1
1
0
1

⎞⎟⎟⎠
⎛⎜⎜⎝

ω
1
0
0
1

⎞⎟⎟⎠
⎛⎜⎜⎝

ω
0
1
1
0

⎞⎟⎟⎠
⎛⎜⎜⎝

ω
0
0
0
1

⎞⎟⎟⎠
⎛⎜⎜⎝

ω
1
1
1
0

⎞⎟⎟⎠
(iv) In column 6 we have only one choice.

We observe that rules (A) and (B) are linear. So G̃ is a linear code. There are 43 choices
for (i), 2 choices for (ii), and 2 choices for each of the five columns in (iii). Therefore
G̃ has dimension 2 · 3+ 1+ 5 = 12. If in (ii) above we take even and in (i) a nonzero
hexacodeword, we find a word of G̃ of weight ≥ 4 · 2 = 8. If in (ii) above we take even
and in (i) the hexacodeword 0, we find either 0 or a word of G̃ of weight ≥ 2 ·4 = 8. If in
(ii) above we take odd then we clearly find a word of weight ≥ 6. Weight exactly 6 would
imply that the hexacodeword has weight 5, which is not possible by Exercise 2.2. So we
find again a word of weight ≥ 8. Therefore G̃ has minimum weight ≥ 8.

We conclude that G̃ is a [24,12]-code with minimum distance ≥ 8. So we have shown
the existence of a code with the parameters of Theorem 2.6. So there is a unique (up to
equivalence) [24,12,8]-code, and this code is called the extended binary Golay code.

Exercise 2.3 Consider those words in G̃ which have the property that the third and the
fifth column of the 4× 6 matrix are equal to the first column, and the fourth and sixth
column are equal to the second column. Show that the 4× 2 submatrices of these words
consisting of the first and second column form the extended binary [8,4,4] Hamming
code.

The (original) binary Golay code G is a [23,12,7]-code which is obtained from G̃ by
deleting some column of the generator matrix of G̃. We shall show that it doesn’t matter
which column to delete. Hence the binary [23,12,7]-Golay code is also unique.

In order to show the uniqueness of the Golay code, we give another construction of the
extended binary Golay code.

Consider the icosahedron as a graph. Let A be the adjacency matrix of this graph. This
is obtained as follows: number the 12 vertices of the icosahedron by v1, . . . ,v12. Then A
is a 12×12 matrix with entries 0 or 1 and ai j = 1 if vi and v j are joined by an edge, and
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ai j = 0 otherwise. Let I be the 12× 12 unit matrix and J be the 12× 12 all one matrix.
Then the rows of the 12×24 matrix (I J−A) generate the extended binary Golay code.

Exercise 2.4 Prove this. (First observe that the generated code is self-dual and that (J −
At I) generates the same code. This allows one to study only linear combinations of 2 or
3 basis vectors. Consider first the sum of two rows of the generator matrix corresponding
to two distinct vertices v j and vk of the icosahedron. There is a one at position 12+ i
(i = 1,2, . . . ,12) of this vector if and only if the vertex vi of the icosahedron is joined by
an edge to v j or vk but not to both of these vertices. Since there are exactly two 1’s among
the first 12 components of this vector, one has to show that for any choice of distinct
vertices v j and vk there are at least 6 such vertices. To show this, use the symmetry of
the icosahedron. Similarly, consider the sum of three rows corresponding to three distinct
vertices v j, vk, and vl . There is a one at position 12+ i of this vector if and only if the
vertex vi is either adjacent to exactly two or to none of the vertices v j, vk, and vl . In this
case one has to show that there are at least 5 such vertices.)

We have already seen that the automorphism group of the extended binary Golay code
G̃ is the automorphism group of the Steiner system S(5,8,24), and this is the Mathieu
group M24.

Proposition 2.10. The automorphism group of the extended binary Golay code G̃ acts
transitively on the 24 coordinate positions.

Proof. Let A be the adjacency matrix of the icosahedron. It follows from the above re-
marks that (I J−A) and (J−At I) both generate G̃. Since the symmetry group of the
icosahedron is transitive on the 12 vertices, the claim follows. �

Corollary 2.3. Let C be a binary code containing 0 with word length 23, minimum dis-
tance 7, and |C| ≥ 212. Then C is the binary Golay code.

Proof. Extend C by a parity check bit to obtain G̃. Thus C is obtained from G̃ by suppress-
ing some coordinate position, but all positions are equivalent, since the automorphism
group acts transitively on the coordinate positions by Proposition 2.10. �


We have already seen that the Hamming weight enumerators of the codes G and G̃ are
equal to

WG(X ,Y ) = X23 +253X16Y 7 +506X15Y 8 +1288X12Y 11

+1288X11Y 12 +506X8Y 15 +253X7Y 16 +Y 23,

WG̃(X ,Y ) = X24 +759X16Y 8 +2576X12Y 12 +759X8Y 16 +Y 24.

Now we want to construct an even unimodular lattice with a1 = 0, i.e., which con-
tains no roots, using the extended Golay code G̃. Let us first consider the lattice ΓG̃ =

1√
2
ρ−1(G̃), where ρ : Z24 → F24

2 is the reduction mod 2. Let us put for brevity Γ =

ρ−1(G̃). Then
a1 = 48
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and the 48 roots correspond to the vectors of type (±2)1023 of Γ . Here the notation akbl

means k components of type a and l components of type b. Proposition 2.8 yields

a2 = 196560−24a1 = 195408.

The vectors x ∈ Γ with x2 = 8 are the 759 ·28 vectors of type (±1)8016 where (±1)8 is a
contribution of G̃, and the

(24
2

) ·4 vectors of type (±2)2022. They yield 195408 vectors of
type ΓG̃ of squared length 4.

Now x ∈ Γ = ρ−1(G̃) can be written as x = c+2y with c ∈ G̃ and y ∈ Z24. Since G̃ is
doubly even, ∑xi ∈ 2Z. Therefore we can define a homomorphism

α : Γ −→ F2

x �−→ 1
2 ∑xi (mod 2).

Note that ∑xi ≡ 2∑yi (mod 4) implies that

1
2 ∑xi ≡ ∑yi (mod 2).

Now A := α−1(0) is a sublattice of Γ of index 2 which contains no vectors of squared
length 4. The lattice Γ can be written as the disjoint union

Γ = A∪N

of A with the set N := α−1(1). Then the set A∪( 1
2 ·1+N

)
, 1 := (1, . . . ,1) ∈ Z24, is also

a lattice. Now an element of
( 1

2 ·1+N
)

is of the form 1
2 ·1+ c+2y, with ∑yi odd. Then(

1
2
·1+ c+2y

)2

≡ 6+2 · (1 · y)≡ 6+2 · (∑yi
)≡ 0 (mod 4).

So we can make the following definition:

Definition. The Leech lattice is the lattice

Λ24 :=
1√
2

(
A∪

(
1
2
·1+N

))
.

Lemma 2.7. The lattice Λ24 is an even unimodular lattice, which contains no roots.

Proof. That Λ24 is even, follows from the above arguments.
Note that the lattice A1 := 1√

2
A is a sublattice of the unimodular lattice ΓG̃ of index 2.

Since it has also index 2 in Λ24, it follows that Λ24 is unimodular.
Since A contains no vectors of squared length 4 and the shortest vectors in

( 1
2 ·1+Z24

)
are of the form (± 1

2 , . . . ,± 1
2 ) and therefore have length 6, we see that Λ24 contains no

roots. This proves the lemma. �

We finally indicate the 196560 vectors of squared length 4 in Λ24. We shall indicate

the corresponding vectors of squared length 8 in A∪ ( 1
2 ·1+N

)
:
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type number

(±1)8016 (in A) 759 ·27 = 97152
(±2)2022 (in A) 4 · (24

2

)
= 1104(± 1

2

)23 (± 3
2

)1
( in 1

21+N) 212 ·24 = 98304
total = 196560

2.9 The MacWilliams Identity and Gleason’s Theorem

In this section we want to derive the MacWilliams identity for binary linear codes and
Gleason’s theorem from the theory of modular forms.

First let us consider the following theta function. Let

A(τ) := ∑
x∈Z

qx·x = 1+2q+2q4 +2q9 + . . . .

This is the theta function of the lattice Γ =
√

2Z. So

A(τ) = ∑
x∈Γ

q
1
2 (x·x) = ∑

x∈2Z
q

1
4 (x·x),

Consider also
B(τ) := ∑

x∈2Z+1
q

1
4 (x·x).

This is not a theta function of a lattice. Then

A(τ)+B(τ) = ∑
x∈Z

q
1
4 (x·x) = ∑

x∈ 1√
2
Z

q
1
2 (x·x).

But the lattice 1√
2
Z is the dual lattice of Γ =

√
2Z. Hence from Proposition 2.1 we derive

the following transformation formula

A
(
−1

τ

)
=
(τ

i

)1/2 1√
2
(A(τ)+B(τ)) .

Replacing τ by − 1
τ , we get from this formula

B
(
−1

τ

)
=
(τ

i

)1/2 1√
2
(A(τ)−B(τ)) .

The matrix
1√
2

(
1 1
1 −1

)
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defines a transformation in the (A,B)-plane which is a rotation by 45◦ followed by a
reflection. The following homogeneous polynomial in A and B of degree 24 is invariant
under this transformation:

A4B4 (A2 −B2)4 (
A2 +B2)4

= A4B4 (A4 −B4)4
.

Since A4B4
(
A4 −B4

)4 is also invariant under the transformation τ �−→ τ +1, it is a mod-
ular form of weight 12. Now

B(τ) = ∑
x∈2Z+1
x=2y+1

q
1
4 (4y2+4y+1) = q

1
4 ∑

y∈Z
qy2+y = 2q

1
4 + higher order terms.

Thus
B4(τ) = 16q+ higher order terms,

A4B4 (A4 −B4)4
= 16q+ higher order terms,

and hence

A4B4 (A4 −B4)4
= 16Δ = 16q

∞

∏
n=1

(1−qn)24 .

Proposition 2.11. Let C ⊂ Fn
2 be a binary linear code with Hamming weight enumerator

WC(X ,Y ). Then
ϑΓC =WC(A,B).

Proof. Consider a codeword c ∈C, and let ρ : Zn → Fn
2 be the reduction mod 2. Then

∑
x∈ 1√

2
ρ−1(c)

q
1
2 (x·x) = ∑

x∈ρ−1(c)

q
1
4 (x·x) = An−w(c)Bw(c),

by the definition of A and B. This proves the proposition. �

Example 2.3 For the extended Hamming code H̃ we have

WH̃(X ,Y ) = X8 +14X4Y 4 +Y 8

and hence
ϑE8 = E4 = A8 +14A4B4 +B8.

Theorem 2.7 (MacWilliams). Let C ⊂ Fn
2 be a binary linear code of type [n,k,d]. Then

WC⊥(X ,Y ) =
1
2k WC(X +Y,X −Y ).

Proof. We derive this identity from the corresponding identity for theta functions (Propo-
sition 2.1) using Proposition 2.11. We have

WC

(
A
(
−1

τ

)
,B

(
−1

τ

))
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= ϑΓC

(
−1

τ

)
=
(τ

i

) n
2 1

2
n
2−k ϑΓ ∗

C
(τ) (by Proposition 2.1)

=
(τ

i

) n
2 1

2
n
2−k ϑΓC⊥ (τ) (by Lemma 1.11)

=
(τ

i

) n
2 1

2
n
2−k

WC⊥(A(τ),B(τ)).

By the transformation formulas of A and B, we have on the other hand

WC

(
A
(
−1

τ

)
,B

(
−1

τ

))
=
(τ

i

)n/2 1
2n/2 WC(A(τ)+B(τ),A(τ)−B(τ)).

Thus
WC⊥(A,B) =

1
2k WC(A+B,A−B).

We know from Corollary 2.2 that the algebra of modular forms is isomorphic to the poly-
nomial algebra C[E4,E6]. This implies that the modular forms of weight divisible by 4
form a polynomial algebra C[E4,Δ ] generated by E4 and Δ . But

E4 = A8 +14A4B4 +B8,

Δ =
1
16

A4B4(A4 −B4)4.

Therefore A and B are algebraically independent over C. This proves Theorem 2.7. �

Corollary 2.4. If C ⊂ Fn

2 is a self-dual code, then

WC(X ,Y ) =WC

(
X +Y√

2
,

X −Y√
2

)
.

This means that the Hamming weight enumerator is invariant under a rotation by 45◦
followed by a reflection.

Example 2.4 For n = 2, k = 1,C = {(0,0),(1,1)} ⊂ F2
2 we have

WC(X ,Y ) = X2 +Y 2.

This polynomial is invariant under rotations.

Theorem 2.8 (Gleason). Let C ⊂ Fn
2 be a doubly even self-dual code. Then the Hamming

weight enumerator WC(X ,Y ) is a polynomial in

ϕ :=WH̃(X ,Y ) = X8 +14X4Y 4 +Y 8

and
ξ := X4Y 4 (X4 −Y 4)4
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or, equivalently, in the weight enumerator WH̃ of the extended Hamming code and the
weight enumerator

WG̃(X ,Y ) =
(
X8 +14X4Y 4 +Y 8)3 −42X4Y 4 (X4 −Y 4)4

of the extended Golay code.

Proof. WC(A,B) is a modular form of weight n
2 . Since C is doubly even and self-dual, n

2 is
divisible by 4. As we have already seen in the proof of Theorem 2.7, every modular form
of weight divisible by 4 is a polynomial in E4 and Δ . Hence WC(A,B) is a polynomial in
A8 +14A4B4 +B8 and A4B4

(
A4 −B4

)4. This proves Theorem 2.8. �

Theorems 2.7 and 2.8 can also be proved (and were first proved) without using the

theory of modular forms.
Analogues of Theorems 2.7 and 2.8 for so-called local weight enumerators were ob-

tained in [74] using theta functions with spherical coefficients (which are considered in
Sect. 3.1).

Example 2.5 Let n = 32, and C ⊂ F32
2 a doubly even self-dual code. Then, by Theo-

rem 2.8,

WC(X ,Y ) =
(
X8 +14X4Y 4 +Y 8)4

+bX4Y 4 (X4 −Y 4)4 (
X8 +14X4Y 4 +Y 8) .

If this code has minimum distance 8, i.e., A4 = 0, where A4 is the coefficient of X28Y 4,
then b =−56. Thus

A8 = 142 ·6+4−560 = 620.

Now let n = 24m+ 8k, k = 0,1,2. Let C ⊂ Fn
2 be a doubly even self-dual code with

weight enumerator WC(X ,Y ). By Theorem 2.8, WC can be written as

WC =
m

∑
j=0

b jϕ3(m− j)+kξ j, b j ∈ C.

Now suppose that the b j are chosen so that WC(X ,Y ) has as many leading coefficients
equal to zero as possible. Then also the first possibly nonzero coefficient, the coefficient
of Xn−4m−4Y 4m+4 which we denote by A∗

4m+4, is uniquely determined. So

WC(X ,Y ) = Xn +A∗
4m+4Xn−4m−4Y 4m+4 + . . . .

The resulting WC is the weight enumerator of a doubly even self-dual code with the great-
est minimum weight we might hope to attain, and is called an extremal weight enumerator.
A linear code having this weight enumerator is called an extremal code. An extremal code
has minimum distance d ≥ 4m+ 4. In fact it has minimum distance d = 4m+4, since it
can be shown that A∗

4m+4 �= 0 for all m ≥ 1. For example, for k = 0 one has the following
formula for A∗

4m+4.
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Theorem 2.9. For an extremal doubly even self-dual code C ⊂ Fn
2, n = 24m, one has

A∗
4m+4 =

(
n
5

)(
5m−2
m−1

)/(
4m+4

5

)
.

Proof. This follows from the fact that the codewords of C of weight 4m+ 4 form a 5-
design (Theorem of Assmus and Mattson, cf. [66, Chap. 6, §4, Theorem 9]). For details
see [66, Chap. 19, §5]. �

Example 2.6 For m = 1 : A∗

8 = 759, for m = 2 : A∗
12 = 17296.

But, by a result of Mallows, one has

A∗
4m+8 < 0

for n = 24m sufficiently large. This shows that extremal doubly even self-dual codes of
length n = 24m can only exist for finitely many m. A computer was used to show that
A∗

4m+8 first becomes negative at around n = 3720:

A∗
624 ≈ 1.163 ·10170,

A∗
628 ≈ −5.848 ·10170.

In fact one knows the existence of extremal doubly even self-dual codes for n ≤ 64 and
some n > 72. It is not known whether there exists such a code for n = 72. For more details
see [66, Chap. 19, §5].

There are similar results for lattices. Let Γ be an even unimodular lattice in Rn, n =
24m+8k, k = 0,1, or 2. The theta function ϑΓ can be written as

ϑΓ =
m

∑
j=0

b jE
3(m− j)+k
4 Δ j, b j ∈ C.

If
ϑΓ (τ) = 1+a∗2m+2q2m+2 + . . . ,

then this theta function is called an extremal theta function and a corresponding lattice
is called an extremal lattice. For an extremal even unimodular lattice, one can also show
that a∗2m+2 > 0 for all m, but a∗2m+4 < 0 for all sufficiently large m. So like extremal codes,
extremal even unimodular lattices can only exist for finitely many n. The coefficient a∗2m+4
first becomes negative at around n= 41000. The existence of an extremal even unimodular
lattice in R72 was only proven in 2010 by G. Nebe [67]. For more details see [21, Chap. 7,
§7].

2.10 Quadratic Residue Codes

By Example 2.5 an extremal doubly even self-dual code of length 32 would have mini-
mum distance d = 8 and A8 = 620. Similarly, an extremal doubly even self-dual code of
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length 48 would have minimum distance d = 12 and A12 = 17296 (cf. Example 2.6). So
far, we do not know the existence of such codes. Our aim in this section is to construct
such codes. This construction will be part of a general construction of an important class
of codes, the so called quadratic residue codes. A general reference for this section is [56,
Chap. 6].

Let p be a prime number. Then we denote the field Z/pZ by Fp. If Fq is any finite
field with q elements then q must be a power of some prime number p, so q = pr for
some r. The number q determines Fq up to isomorphism: The multiplicative group F∗

q is
a cyclic group of order q− 1, and the elements of Fq are exactly the q distinct zeros of
the polynomial xq − x. Therefore Fq is the splitting field of xq − x and therefore uniquely
determined by q.

The mapping σ : Fq → Fq, x �→ xp, is a field automorphism of Fq which fixes the
subfield Fp. We have σ r = 1. The automorphism σ generates the Galois group of Fq
over Fp which is therefore cyclic of order r. If s divides r then σ s generates a cyclic
subgroup of order r/s. The subfield Fix(σ s) of Fq fixed by σ s consists of the zeros of the
polynomial xps −x. Hence Fix(σ s) = Fps ⊂ Fpr . The polynomial xpr −x is the product of
all irreducible polynomials over Fp of degree s with s|r which are monic, i.e., where the
coefficient of xs is 1. The orbits of the Galois group of Fpr over Fp are just the zeros of
the irreducible factors of xpr − x.

Example 2.7 Let p = 2, r = 4. Then |F∗
24 |= 15 and

x16 − x = x(x+1)(x2 + x+1)(x4 + x+1)(x4 + x3 +1)(x4 + x3 + x2 + x+1).

Let α be a generator of F∗
24 . The orbits of the Galois group of F24 over F2 are

{1}, {α,α2,α4,α8}, {α3,α6,α12,α9} {α5,α10}, {α7,α14,α13,α11}.

Let k = Fq be a finite field with q = pr elements. We denote by k[x] the ring of poly-
nomials over k. Let n be a natural number with (n, p) = 1 and consider the polynomial
xn − 1 over k. The multiples of xn − 1 form a principal ideal in k[x] which we denote by
(xn −1). The elements of the quotient ring k[x]/(xn −1) are represented by polynomials
a0+a1x+ . . .+an−1xn−1 with ai ∈ k for 0 ≤ i ≤ n−1. We therefore identify k[x]/(xn−1)
with kn by mapping a0 +a1x+ . . .+an−1xn−1 to its n-tuple of coefficients (a0, . . . ,an−1).

Now let xn − 1 = g(x)h(x), where g(x),h(x) ∈ k[x] and deg(g) = m < n and consider
the code

C = {a(x)g(x)(mod xn −1) |a(x) ∈ k[x]} ⊂ kn.

Such a code is called a cyclic code. This code is a linear code of length n and dimension
n−m. The reason for the name cyclic code is the following: If C is a cyclic code and
c(x) = c0 + c1x+ . . .+ cn−1xn−1 is any codeword, then xc(x) is also a codeword, i.e.,

(cn−1,c0,c1, . . . ,cn−2) ∈C .

Conversely, one easily sees that a linear code C having this property corresponds to an
ideal in k[x]/(xn −1) and therefore is cyclic.



68 2 Theta Functions and Weight Enumerators

The polynomial g(x) is called the generator polynomial of C. Write g(x) = b0+b1x+
. . .+ bn−1xn−1 with bm+1 = . . . = bn−1 = 0. The codewords g(x), xg(x), . . . , xn−1g(x)
generate C, hence a generator matrix of C is given by the first n−m rows of the matrix⎛⎜⎜⎜⎝

b0 b1 . . . bn−1
bn−1 b0 . . . bn−2

...
...

. . .
...

b1 b2 . . . b0

⎞⎟⎟⎟⎠ .

It is in general not so easy to determine the minimum distance d of a cyclic code. We
now assume that

g(x) = (x−α)(x−α2) · · ·(x−αr)g̃(x)

in k[x], where α is a primitive n-th root of unity. A cyclic code with such a generator poly-
nomial is called a BCH code, because it was first considered by R. C. Bose, D. K. Ray-
Chaudhuri, and A. Hocquenghem.

Proposition 2.12. The minimum distance d of C is at least r+1.

Proof. Assume that at1xt1 + . . .+atr x
tr is a codeword in C, where the ti are pairwise dis-

tinct integers with 0 ≤ ti ≤ n−1 for i = 1, . . . ,r. Then we must have

at1 α t1 + . . .+atr α
tr = 0

at1α2t1 + . . .+atr α
2tr = 0

...
...

...
at1αrt1 + . . .+atr α

rtr = 0.

These are r linear equations for at1 , . . . ,atr . The determinant of the coefficient matrix is∣∣∣∣∣∣∣∣∣
α t1 . . . α tr

α2t1 . . . α2tr

...
. . .

...
αrt1 . . . αrtr

∣∣∣∣∣∣∣∣∣ = α t1 · · ·α tr

∣∣∣∣∣∣∣∣∣
1 . . . 1

α t1 . . . α tr

...
. . .

...
(α t1)r−1 . . . (α tr)r−1

∣∣∣∣∣∣∣∣∣
= ±α t1 · · ·α tr ·∏

i< j
(α ti −α t j),

since the last determinant is a Vandermonde determinant. Since α is a primitive n-th root
of unity, this determinant is different from zero. Therefore the above system of linear
equations has only the trivial solution and Proposition 2.12 follows. �

Remark 2.3 The bound of Proposition 2.12 is usually called the BCH bound.

Note that if k0 ⊂ k is a subfield of k and g(x) lies in k0[x] then we can consider every-
thing over k0. The corresponding linear code C ⊂ kn

0 also has dimension n−deg(g) over
k0.
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Now let p = 2, q = 2m, and n = q−1 = 2m −1. Furthermore, let α be a primitive n-th
root of unity, and let g(x) ∈ F2[x] be an irreducible polynomial with g(α) = 0. By the
remarks at the beginning of this section, g(x) has degree m and

g(x) = (x−α)(x−α2)(x−α4) · · ·(x−α2m−1
).

The corresponding linear code C(q) ⊂ Fn
q is called a (generalized) Hamming code. By

Proposition 2.12 it has minimum distance at least 3. Since g(x) ∈ F2[x] we can also con-
sider the linear code C ⊂ Fn

2 over F2 of the same length n and dimension n−m.

Proposition 2.13. The linear code C is a perfect code with minimum distance 3.

Proof. If C is an [n,k,d]-code with d ≥ 2t +1 then spheres of radius t around codewords
are pairwise disjoint. This implies that

2k
[

1+
(

n
1

)
+ . . .+

(
n
t

)]
≤ 2n.

In our case we have
2n−m[1+n] = 2n.

Therefore d must be less than or equal to 4. Assume now that d = 4. Let c ∈ C be a
codeword of weight 4. Then there exists x �∈ C of weight 2 with d(x,c) = 2. Since the
spheres of radius 1 around codewords cover Fn

2, there exists a c′ ∈C with d(x,c′) = 1. But
then d(c,c′) ≤ 3, a contradiction. Therefore the minimum distance of C is 3 and by the
definition of Sect. 2.8 C is a perfect code. This proves Proposition 2.13. �


For m = 3, C is a binary [7,4,3]-code and hence equal to the [7,4,3]-Hamming code
H introduced in Sect. 1.2. For m = 2 we get the repetition code of length 3 considered in
the same section.

We want to determine the dual code to a Hamming code. For that purpose let xn −1 =
g(x)h(x) in F2[x], where n is odd. Denote by Cg the cyclic code with generator polynomial
g(x).

Lemma 2.8. The dual code C⊥
g is equal to the cyclic code Ch̃ generated by the polynomial

h̃(x)≡ xdeg hh(x−1) (mod xn −1).

Proof. Since deg h̃ = deg h and deg g+ deg h = n, we have dim Cg + dim Ch̃ = n. In
order to show that Ch̃ ⊂C⊥

g note that the inner product a ·b of two elements a(x),b(x) ∈
F2[x]/(xn − 1) is the constant term of a(x)b(x−1). But g(x)h̃(x−1) = g(x)h(x)x−deg h =
(xn −1)xm−n has constant term 0. This proves Lemma 2.8. �


A linear code C ⊂ Fn
2 is called a simplex code if and only if all nonzero codewords

have the same weight d. For the weight enumerator of a simplex code C of dimension m
we have

Wc(X ,Y ) = Xn +aXn−dY d ,

where a = 2m −1.
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Lemma 2.9. Let C be a simplex code, and let n = 2m−1. Then C⊥ has minimum distance
≥ 2 if and only if d = n+1

2 (= 2m−1).

Proof. By the MacWilliams identity (Theorem 2.7) we have

WC⊥(X ,Y ) =
1

2m ((X +Y )n +a(X +Y )n−d(X −Y )d).

The coefficient of Xn−1Y is

1
2m (n+n(n−d −d)) =

1
2m n(n+1−2d).

Lemma 2.9 follows from this. �

Now consider a Hamming code C. This is an [n,n−m,3]-code over F2 with n= 2m−1.

Exercise 2.5 Show that the minimum distance of the dual code C⊥ is ≥ 2m−1 by using
Proposition 2.12.

Proposition 2.14. The dual code C⊥ of a Hamming code is a simplex code with minimum
distance 2m−1.

Proof. The code C⊥ is a linear code of length n and dimension m. By Lemma 2.8 the
generator polynomial of C⊥ is h̃, deg(h̃) = n−m. Then the codewords

0, h̃(x),xh̃(x), . . . ,xn−1h̃(x)

are contained in C⊥. We claim that they are all different in F2[x]/(xn − 1). Otherwise, a
difference (xr−xs)h̃(x) must be divisible by xn−1, hence must vanish at all roots of unity.
In particular α−1 must be a zero of xr −xs, i.e., α−r −α−s = 0 for r,s < n, r �= s, which is
absurd. Therefore C⊥ has exactly 2m codewords, all having the same weight. Hence C⊥
is a simplex code, and by Lemma 2.9 its minimum distance is equal to 2m−1. This proves
Proposition 2.14. �


In particular the dual H⊥ of the [7,4,3]-Hamming code H is a simplex code; this code
was considered in Sect. 1.4.

We consider again a general cyclic code over a finite field k of characteristic p > 0. For
a natural number n with (n, p) = 1 let

xn −1 = g(x)h(x),

and let C be the cyclic code in k[x]/(xn−1) generated by g(x). Since xn−1 has no multiple
zeros, the polynomials g(x) and h(x) have no common divisor in k[x]. Hence there exist
polynomials a(x),b(x) ∈ k[x] such that a(x)g(x)+b(x)h(x) = 1. Define

c(x) := a(x)g(x)(mod xn −1).

Then c(x) is a codeword in C which satisfies c2(x) = c(x). Therefore c(x) is called an
idempotent of C. Moreover, c(x)g(x) = g(x) implies that c(x)p(x) = p(x) for all p(x)∈C.
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So c(x) is an identity element for C. Now let α be an n-th root of unity in an extension field
of k. Then c(α) = c(α)c(α) and hence c(α) = 0 or c(α) = 1. It follows that c(α) = 0
if g(α) = 0 and c(α) = 1 if h(α) = 0 for all n-th roots of unity α . There is a unique
codeword c(x) ∈ C with c2(x) = c(x) which satisfies this condition: For if c(x) is such a
codeword, then c(x) has to be a multiple of g(x) and 1−c(x) a multiple of h(x) in k[x]. But
this means that there exist polynomials ã(x) and b̃(x) such that 1 = ã(x)g(x)+ b̃(x)h(x).
This implies that a(x)− ã(x) is a multiple of h(x), hence c(x) is uniquely determined
modulo xn −1.

Since c(x)g(x) = g(x), we see that c(x) generates the ideal C. Hence the codewords
obtained by cyclic permutations of the coefficients of c(x) generate the code C.

We shall now introduce quadratic residue codes. For that purpose we assume that the
prime p satisfies p ≡ 7 (mod 8). Then Fp = Z/pZ = {0}∪Q∪N where Q is the set of
quadratic residues and N is the set of non-squares in Fp. A quadratic residue in Fp is the
residue class of a square in Z. The sets Q and N have the same number p−1

2 of elements.
Now let n := p and consider the polynomial xp − 1 over k = F2. If 2m − 1 ≡ 0 (mod p)
(e.g. if m = p−1) then xp −1 splits over F2m into linear factors.

Example 2.8 For p = 23 we can take m = 11, since 211−1 = 2047 = 23 ·89. This implies
that 2 is not a generator of (F23)

∗. But 5 is a generator. The powers of 5 in F23 are

5,2,10,4,20,8,17,16,11,9,22,18,21,13,19,3,15,6,7,12,14,1.

Let α be a primitive p-th root of unity in F2m . Then

xp −1 =
p−1

∏
j=0

(x−α j).

Define

g(x) := ∏
r∈Q

(x−αr),

h(x) := (x−1)∏
r∈N

(x−αr).

Then xp − 1 = g(x)h(x). We claim that g(x) and h(x) both have coefficients in F2. To
prove this , we have to show that a2 = a for all coefficients, hence that

∏
r∈Q

(x−α2r) = ∏
r∈Q

(x−αr)

and that the same identity holds with Q replaced by N. But by assumption p≡−1 (mod 8),
and hence 2 is a quadratic residue. Therefore the claim follows.

Definition. The cyclic code C of length p over F2 with generator polynomial g(x) is called
a (binary) quadratic residue code.

We shall determine an idempotent for C. Define
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c(x) := ∑
r∈Q

xr ∈ F2[x].

Since p ≡−1 (mod 4), we have −1 ∈ N. Therefore the substitution α �→ α−1 changes the
code, and the idempotent of C must depend on α . Clearly c2(x) = c(x) in F2[x]/(xp −1).
Therefore c(β ) = 0 or c(β ) = 1 for every p-th root of unity β . We have c(1) = p−1

2 = 1.
If β denotes a p-th root of unity different from 1, then

c(β )+ c(β−1) = 1.

For if β = αs, s ∈ Q, then β−1 = α−s, −s ∈ N and

∑
r∈Q∪N

β r = 1.

Moreover we have c(αs) = c(α) for s ∈ Q. Therefore we see that c(x) is an idempotent
for C where we have to replace α by α−1 if necessary, yielding an isomorphic code.

The minimum distance of a quadratic residue code is in general not known.

Proposition 2.15. Let a ∈C be a codeword with weight w(a) = d.
(i) If d is odd (i.e., a(1) �= 0), then d2 −d +1 ≥ p and d ≡ 3 (mod 4).
(ii) If d is even, then d ≡ 0 (mod 4).

Proof. Let a(x) = ∑d
i=1 xki where the ki are distinct elements of Z/pZ. Define â(x) :=

a(x−1). Then a(αr) = 0 for r ∈ Q and â(αr) = 0 for r ∈ N. First assume that d is odd,
so a(1) �= 0. Then a(x)â(x) is a multiple of the polynomial 1+ x+ . . .+ xp−1 and hence
equal to this polynomial in F2[x]/(xp −1). It follows that the weight of a · â is p. On the
other hand, by evaluating the product a(x)â(x) we see that there are d2 monomials and
d of them (of the form xki x−ki ) coincide. This implies that d2 − d + 1 ≥ p. Another type
of cancellation may arise from a pair with the same exponents. But then there is always
a corresponding pair with the same exponents but opposite signs. Hence, if terms in the
product a(x)â(x) cancel then they cancel four at a time. Therefore d2−d+1−4e = p for
some e ≥ 0. Since d is odd, it follows that d ≡ 3 (mod 4). This proves (i).

If d is even then a(x)â(x) = 0 in F2[x]/(xp − 1). As above we obtain d2 −d −4e = 0
and hence d ≡ 0 (mod 4). This proves (ii) and completes the proof of Proposition 2.15.
�


Let C̃ ⊂F
p+1
2 be the corresponding extended code of C (cf. Sect. 1.2). We have dimC̃ =

dimC = p− p−1
2 = p+1

2 . By Proposition 2.15 C̃ is doubly even and therefore C̃ ⊂ C̃⊥. It
follows that C̃ is also self-dual.

Let c(x) = c0 + c1x+ . . .+ cp−1xp−1 be the above idempotent of C. So cr = 1 if r ∈ Q
and cr = 0 if r �∈ Q. Then the first p+1

2 rows of the matrix
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G =

⎛⎜⎜⎜⎜⎜⎝
1 1 1 · · · 1
1 c0 c1 · · · cp−1
1 cp−1 c0 · · · cp−2
...

...
...

. . .
...

1 c1 c2 · · · c0

⎞⎟⎟⎟⎟⎟⎠
form a generator matrix for C̃ ⊂ F

p+1
2 , where we have taken the overall parity check

in front. We now number the coordinates of F
p+1
2 by the points of the projective line

P1(Fp) = Fp ∪{∞} , i.e., by ∞,0,1, . . . , p− 1. The group PGL2(Fp) of fractional linear
transformations z �→ az+b

cz+d , a,b,c,d ∈ Fp, with ad −bc �= 0 operates on F
p+1
2 by permuta-

tion of coordinates. We consider the subgroup PSL2(Fp) of fractional linear transforma-
tions with ad −bc = 1.

Proposition 2.16. PSL2(Fp)⊂ AutC̃.

Proof. (Cf. [55, Proof of Theorem (4.4.8)].) The group PSL2(Fp) is generated by the
fractional linear transformations S : z �→ z+1 and T : z �→ − 1

z . Clearly S is a cyclic shift
of 0,1, . . . , p−1 and fixes ∞. So it leaves C̃ invariant.

To study the action of T , number the rows of G by ∞,0,1, . . . , p − 1. So G =
((gi j))i, j∈{∞,0,1,...,p−1}. Define hi j := g− 1

i ,− 1
j
, H := ((hi j)). We have to show that the rows

of H belong to the code C̃. Let i ∈ {∞,0,1, . . . , p−1}.
If i = ∞ then h∞, j = g0,− 1

j
= g0, j +g∞, j, since T interchanges 0 and ∞ and interchanges

quadratic residues and non-squares. Hence row ∞ of H is the sum of two rows of G. The
case i = 0 is treated analogously.

If i ∈ Q then we consider the sum of the i-th row of H and the i-th row of G. Note
that gi j = g0, j−i and hi j = g0,− 1

j +
1
i
. This shows that gi j +hi j is equal to zero for j = i and

j = ∞ and equal to one for j = 0. If j ∈ N then we have j− i ∈ Q if and only if j−i
i j ∈ N,

and hence gi j +hi j = 1. If j ∈ Q then we have j− i ∈ Q if and only if j−i
i j ∈ Q, and hence

gi j +hi j = 0. This proves that the sum of the i-th rows of H and G is the sum of row 0 and
row ∞ of G. Hence the i-th row of H is the sum of 3 rows of G.

If i ∈ N then one can similarly show that the i-th row of H is the sum of the i-th and
0-th row of G.

This proves Proposition 2.16. �

Remark 2.4 The fractional linear transformation z �→ bz, b ∈ F∗

p, is in PSL2(Fp) if and
only if b = a2 for some a ∈ F∗

p. If b is not a square in Fp then this transformation sends
the code C to the other isomorphic code which is obtained by replacing α by α−1. This
corresponds to the fact that PGL2(Fp) contains PSL2(Fp) as a subgroup of index 2.

Note that the group PSL2(Fp) is doubly transitive, i.e., any pair of different points can
be transformed into the pair (0,∞) or into any other pair of different points.

Example 2.9 The quadratic residue code C of length p = 7 over F2 is the Hamming
code H. The extended code C̃ coincides with the extended Hamming code H̃. The group
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PSL2(F7) is isomorphic to the group GL3(F2) = G168 which is the automorphism group
of the Hamming code H (cf. Sect. 1.2). The automorphism group Aut(C̃) acts transitively
on the positions. Hence all positions are equivalent. Hence the subgroup of Aut(H̃) con-
sisting of automorphisms leaving a position invariant is again Aut(H) = G168. Therefore
we get

|Aut(H̃)|= 8 ·168 .

Consider the subgroup W ⊂ Aut(H̃) which consists of all g ∈ Aut(H̃) with g(0) = 0 and
g(∞) = ∞. The group W can be considered as a subgroup of S6 and is isomorphic to the
group of the rotations of a cube. Hence it is also isomorphic to S4 and has order 24. The
subgroup W ∩PSL2(F7) consists of dilations of P1(F7) by squares and hence has order 3.

Example 2.10 Let p = 23 and consider the binary quadratic residue code C of length
p. This is a [23,12]-code. As usual, let d denote the minimum distance of C. The BCH
bound yields d ≥ 5, by Proposition 2.15 we obtain d ≥ 7. By Corollary 2.3 C is the binary
Golay code. Hence we have got another construction of the binary Golay code. Moreover,
C̃ is the extended binary Golay code. By Proposition 2.16, PSL2(F23) ⊂ Aut(C̃) = M24,
where M24 is the Mathieu group which is a sporadic simple group of order

|M24|= 210 ·33 ·5 ·7 ·11 ·23 = 244823040 .

On the other hand

|PSL2(F23)|= 23
2
(232 −1) = 23 ·3 ·11 ·23 .

Hence again PSL2(F23) �= Aut (C̃).

But E. F. Assmus and H. F. Mattson have proved the following theorem which we
quote without proof (see [66, Chap. 16, §5, Theorem 13]).

Theorem 2.10. If p ≡ 7 (mod 8), 1
2 (p−1) prime, and p ≤ 4079 then apart from the two

exceptions p = 7 and p = 23 one has

Aut(C̃) = PSL2(Fp) .

V. Remmert [75] has shown that the statement of Theorem 2.10 holds for all prime
numbers p = 8m−1 with m > 3.

As an application of Proposition 2.16 we prove

Corollary 2.5. The minimum weight of a binary quadratic residue code C is odd.

Proof. Let ã �= 0 be a word of minimum weight in C̃. Since PSL2(Fp) is transitive on the
positions and contained in Aut(C̃), we may assume that ã has a 1 at the check position ∞.
Omitting the position ∞ yields a word a in C with w(a) = w(ã)−1. But C̃ is self-dual and
doubly even, and therefore all weights are even. This proves Corollary 2.5. �


Denote by d(C) (resp. d(C̃)) the minimum weight of the code C (resp. C̃). Combining
Proposition 2.15 and Corollary 2.5 we get
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d(C) ≡ 3 (mod 4) ,
d(C)2 −d(C)+1 ≥ p ,

d(C̃) = d(C)+1 .

Example 2.11 For p = 31 we get d(C)≥ 7 and d(C̃)≥ 8. Hence C̃ is an extremal doubly
even self-dual code. By Example 2.5 the minimum distance of C̃ must be equal to 8 and
A8 = 620.

Exercise 2.6 Determine the numbers A7 and A8 for the binary quadratic residue code C
of length 31. (Clearly A7 +A8 = 620.)

Example 2.12 For p = 47 we get d(C) ≥ 11 and d(C̃) ≥ 12. Again C̃ is an extremal
doubly even self-dual code and the minimum distance is equal to 12. By Example 2.6 we
have A12 = 17296.

Example 2.13 For p = 71 we also derive d(C) ≥ 11 and d(C̃) ≥ 12. One can show that
d(C̃) = 12. This means that the extended quadratic residue code C̃ of length 72 is not
extremal. As already mentioned, it is not known whether there exists an extremal doubly
even self-dual code of length 72.

Example 2.14 For p = 167 the minimum weight of C̃ is unknown. One only knows that
16 ≤ d(C̃)≤ 24.



Chapter 3

Even Unimodular Lattices

3.1 Theta Functions with Spherical Coefficients

In this section we study modified theta functions, namely theta series with spherical coef-
ficients, and their behavior under transformations of the modular group. The results of this
section are due to E. Hecke [32] and B. Schoeneberg [78, 79]. Our presentation follows
[71, Chap. VI] and [83].

Let P ∈ C[x1, . . . ,xn] be a complex polynomial in n variables x1, . . . ,xn. Recall from
Sect. 1.4 that such a polynomial P is called harmonic or spherical, if and only if ΔP = 0,
where

Δ =
n

∑
i=1

∂
∂x2

i

is the Laplace operator. If P is spherical and homogeneous of degree r, then P is called
spherical of degree r.

Theorem 3.1. A polynomial P ∈ C[x1, . . .xn] is spherical of degree r if and only if P is a
linear combination of functions of the form (ξ · x)r, where ξ ∈ Cn, ξ 2 = 0 if r ≥ 2.

Proof. (Cf. [71, Chap. VI, Proof of Theorem 18].)
”⇐”: Let P = (ξ · x)r with ξ ∈ Cn, ξ 2 = 0. Then

ΔP = ∑
i

∂
∂x2

i

(
∑

j
ξ jx j

)r

= r(r−1)

(
∑

i
ξ 2

i

)
(ξ · x)r−2 = 0.

”⇒”: For the proof of the other implication we consider the inner product on functions
f ,g : Rn → C defined by

( f ,g) =
∫
K

f (x)g(x)dx

where K = {x ∈ Rn | ∑x2
i ≤ 1}, dx = dx1 . . .dxn. Let P ∈ C[x1, . . . ,xn] be a spherical

polynomial of degree r which is orthogonal (with respect to this inner product) to all
functions of the form (ξ · x)r, where ξ ∈ Cn and ξ 2 = 0 if r ≥ 2. We show that P = 0.

77
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In order to show this, we need four formulas. Let f be a homogeneous polynomial of
degree r in x1, . . . ,xn. Then

∑
i

∂ f (x)
∂xi

· xi = r f (x). (3.1)

Let ωi := (−1)i−1dx1 . . . d̂xi . . .dxn, ω := ∑xiωi. Then dx = dxiωi. Integrating equation
(3.1) and applying Stokes’ theorem gives

r
∫

∂K

f ω =
∫

∂K

(
∑

i

∂ f
∂xi

· xi

)
ω =

∫
K

Δ f (x)dx, (3.2)

where ∂K = {x ∈ Rn | ∑x2
i = 1}. A third formula is∫
K

Δ f (x)dx = r(r+n)
∫
K

f (x)dx. (3.3)

This follows from (3.2) and Stokes’ theorem:∫
∂K

f ω =
∫

∂K

∑
i

f xiωi =
∫
K

∑
i

∂
∂xi

( f xi)dx = (r+n)
∫
K

f (x)dx.

Finally we have

Δ( f g) = f Δg+gΔ f +2∑
i

∂ f
∂xi

∂g
∂xi

. (3.4)

Now let g = (ξ · x)r, where ξ 2 = 0 and r ≥ 2. (The claim is trivial for r = 1.) Then
g and all its partial derivatives are spherical, and the same is true for P and its partial
derivatives. Then, from equations (3.3) and (3.4),

0 =

∫
K

P(x)g(x)dx = const.
∫
K

Δ(Pg)(x)dx = const.
∫
K

∑
i1,...,ir

∂P(x)
∂xi

∂g(x)
∂xi

dx

= . . . = const.
∫
K

∑
i

∂ rP(x)
∂xi1 . . .∂xir

∂ rg(x)
∂xi1 . . .∂xir

dx.

Now iteration of (3.1) gives

r!P = ∑
i1,...,ir

∂ rP
∂xi1 . . .∂xir

xi1 . . .xir ,

r!ξi1 . . .ξir =
∂ rg

∂xi1 . . .∂xir
.
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So the above equation yields P(ξ ) = 0 when ξ 2 = 0. Hence P(x) is divisible by δ (x) =
x2 = ∑x2

i . So P(x) = δ (x) f (x) for some polynomial f (x). Then equations (3.2) and (3.3)
yield (note that δ ≡ 1 on ∂K)∫

K

f (x) f (x)dx = const.
∫

∂K

f f ω

= const.
∫

∂K

δ f f ω

= const.
∫
K

P(x) f (x)dx.

We shall show that P is orthogonal to all homogeneous polynomials of degree < r. There-
fore ∫

K

f (x) f (x)dx = const.
∫
K

P(x) f (x)dx = 0.

Thus f = 0, so P = 0.
It remains to show that P is orthogonal to all homogeneous polynomials f of degree

< r. We show this by induction on r. From equations (3.3) and (3.4) and the induction
hypothesis we get ∫

K

P(x) f (x)dx = const.
∫
K

Δ(P f )(x)dx

= const.
∫
K

P(x)Δ f (x)dx

= const.
∫
K

P(x)Δ 2 f (x)dx

= . . .

= 0.

This proves Theorem 3.1. �

Now let Γ ⊂Rn be a lattice, z∈Rn be a point in Rn, and let P be a spherical polynomial

of degree r. Let τ ∈H. We define

Definition.

ϑz+Γ ,P(τ) := ∑
x∈z+Γ

P(x)eπiτx2
= ∑

x∈Γ
P(x+ z)eπiτ(x+z)2

.

The function ϑz+Γ ,P is holomorphic in H. It follows from the definition that ϑz1+Γ ,P =
ϑz2+Γ ,P if z1,z2 ∈Rn, z1 ≡ z2 (mod Γ ). We now want to study the behavior of ϑz+Γ ,P un-
der substitutions of the modular group. We want to apply the Poisson summation formula.
For that purpose we need to know some Fourier transforms.

Lemma 3.1. We have Table 3.1 of Fourier transforms. Here f (x) is the original function,
and f̂ (y) is its Fourier transform.
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Table 3.1 Fourier transforms

f (x) f̂ (y)

f (x) = eπi( −1
τ )x2

(τ ∈H) f̂ (y) =
(√

τ
i

)n
eπiτy2

(
− π

4 < arg
√

τ
i <

π
4

)
f (x) = eπi( −1

τ )(x+z)2
(τ ∈H, z ∈ Rn) f̂ (y) =

(√
τ
i

)n
e2πiy·zeπiτy2

f (x) = P(x)e−πx2
(P ∈ C[x1, . . . ,xn]) f̂ (y) = P

(
−1
2πi

∂
∂y1

, ..., −1
2πi

∂
∂yn

)
e−πy2

f (x) = (ξ · x)re−πx2 (
ξ ∈ Cn, ξ 2 = 0 for r ≥ 2

)
f̂ (y) =

(
ξ ·y

i

)r
e−πy2

f (x) = (ξ · (x+ z))r eπi( −1
τ )(x+z)2

f̂ (y) =
(√

τ
i

)n+2r ( ξ ·y
i

)r
e2πiz·yeπiτy2

Proof. For the first row see the proof of Proposition 2.1. It is equivalent to∫
Rn

eπi(− 1
τ )x2

e−2πix·y dx =
(√

τ
i

)n

eπiτy2
. (3.5)

The second row follows from this equality by replacing x by x+ z.
The third row follows from applying the differential operator

P
(
− 1

2πi
∂

∂y1
, . . . ,− 1

2πi
∂

∂yn

)
to the equation ∫

Rn

e−πx2
e−2πix·y dx = e−πy2

.

(This equation is Lemma 2.1.)
The fourth row is a special case of the third row:(

− 1
2πi

ξ ∇
)r

e−πy2
=

(
ξ · y

i

)r

e−πy2
, ∇ :=

(
∂

∂y1
, . . . ,

∂
∂yn

)
.

The fifth row follows from applying the differential operator
(− 1

2πi ξ ∇
)r

to equation
(3.5) and then replacing x by x+ z. �

Proposition 3.1. We have the identity

ϑz+Γ ,P

(
−1

τ

)
=

(√
τ
i

)n+2r

i−r 1
vol (Rn/Γ ) ∑

y∈Γ ∗
P(y)e2πiy·zeπiτy2

.

Proof. By Theorem 3.1 ϑz+Γ ,P(τ) is a finite sum of series of the form

∑
x∈Γ

(ξ · (x+ z))r eπiτ(x+z)2
, ξ ∈ Cn, ξ 2 = 0 for r ≥ 2.
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Now by Lemma 3.1 and the Poisson summation formula (Theorem 2.3)

∑
x∈Γ

(ξ · (x+ z))r eπi(− 1
τ )(x+z)2

=

(√
τ
i

)n+2r

i−r 1
vol (Rn/Γ ) ∑

y∈Γ ∗
(ξ · y)re2πiy·zeπiτy2

.

This gives the formula of Proposition 3.1. �

For the remaining part of this section we make the general assumption, that Γ ⊂Rn is

an even integral lattice, that n is even, that P is spherical of degree r, and that k := n
2 + r.

Note that Γ ⊂ Γ ∗, and that y1,y2 ∈ Γ ∗, y1 ≡ y2 (mod Γ ) implies that y1 · x ≡ y2 ·
x (mod Z) for all x ∈ Γ and y2

1 ≡ y2
2 (mod 2Z). Therefore we have the following formulas

for ρ ∈ Γ ∗ (v(Γ ) := vol (Rn/Γ )):

(T1) ϑρ+Γ ,P(τ +1) = eπiρ2
ϑρ+Γ ,P(τ),

(T2) ϑρ+Γ ,P

(
−1

τ

)
=

1
v(Γ )

(τ
i

)k
i−r ∑

σ∈Γ ∗/Γ
e2πiσρ ϑσ+Γ ,P(τ).

The group SL2(Z) operates on H and on the set of all functions f : H→ C by associ-
ating to f the function f |kA defined by

( f |kA)(τ) := f (Aτ)(cτ +d)−k

for τ ∈H, A∈ SL2(Z). The formulas (T1) and (T2) describe the transformation of ϑρ+Γ ,P
by T and S respectively, where S and T are the transformations of Sect. 2.2 which generate
SL2(Z).

Proposition 3.2. The group SL2(Z) leaves the span of all ϑρ+Γ ,P (ρ ∈ Γ ∗) invariant.

More precisely we have the following formulas. Let ρ ∈Γ ∗, A =

(
a b
c d

)
∈ SL2(Z). Then

we have

ϑρ+Γ ,P
∣∣
k A =

1
v(Γ )cn/2 ik+r

·

· ∑
σ∈Γ ∗/Γ

⎛⎜⎝e−πib(dσ2+2σρ) ∑
λ∈Γ ∗/cΓ

λ≡ρ+dσ (Γ )

eπi a
c λ 2

⎞⎟⎠ϑσ+Γ ,P

if c �= 0, and

ϑρ+Γ ,P
∣∣
k A =

1
dn/2 eπiabρ2

ϑaρ+Γ ,P
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if c = 0.

Remark 3.1 One has

dimC span
{

ϑρ+Γ ,P | ρ ∈ Γ ∗/Γ
}≤ |Γ ∗/Γ | .

In general the left-hand side is smaller than the right-hand side, because e.g. ϑΓ ,P = 0, if
r = deg P is odd, or

ϑρ+Γ ,P = (−1)rϑ−ρ+Γ ,P.

Proof of Proposition 3.2. The formula for c = 0 is a generalization of the formula (T1)
and follows from the definition of ϑρ+Γ :

ϑρ+Γ ,P
(
a2τ +ab

)
= ∑

x∈ρ+Γ
P(x)eπi(a2τ+ab)x2

= eπiabρ2 ∑
x∈ρ+Γ

P(x)eπiτ(ax)2

= eπiabρ2
a−r ∑

x∈aρ+Γ
P(x)eπiτx2

= dreπiabρ2
ϑaρ+Γ ,P(τ).

We now assume that c �= 0. We may assume without loss of generality that c > 0, since

ϑρ+Γ ,P
∣∣
k A = ϑρ+Γ ,P

∣∣
k

(−1 0
0 −1

)∣∣∣∣
k

(−a −b
−c −d

)
.

We use a little device which is sometimes attributed to Hermite. We write

aτ +b
cτ +d

=
a
c
− 1

c(cτ +d)
.

Since y1,y2 ∈ Γ ∗, y1 ≡ y2 (mod cΓ ) implies that y2
1 ≡ y2

2 (mod 2cZ), we can write

ϑρ+Γ ,P = ∑
λ∈Γ ∗/cΓ
λ≡ρ (Γ )

ϑλ+cΓ ,P.

Now by applying the formulas (T1) and (T2), we get

ϑλ+cΓ ,P

(
a
c
− 1

c(cτ +d)

)
= eπi a

c λ 2
ϑλ+cΓ ,P

( −1
c(cτ +d)

)
=

ck

v(cΓ )ik+r (cτ +d)k ∑
σ∈(cΓ )∗/cΓ

eπi( a
c λ 2+2σλ)ϑσ+cΓ ,P

(
c2τ + cd

)
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=
ck

v(cΓ )ik+r (cτ +d)k ∑
σ∈(cΓ )∗/cΓ

eπi( a
c λ 2+2λσ+cdσ2)ϑσ+cΓ ,P

(
c2τ

)
.

We now sum over σ
c instead of σ . Note that (cΓ )∗ = 1

c Γ ∗ and v(cΓ ) = cnv(Γ ). Thus

(
ϑλ+cΓ ,P

∣∣
k A

)
(τ) =

cr

v(Γ )cn/2 ik+r ∑
σ∈Γ ∗/c2Γ

eπi( a
c λ 2+2λ σ

c +
d
c σ2)ϑ σ

c +cΓ ,P(c
2τ)

=
1

v(Γ )cn/2 ik+r ∑
σ∈Γ ∗/c2Γ

eπi( a
c λ 2+2λ σ

c +
d
c σ2)ϑσ+c2Γ ,P(τ).

Therefore we get (
ϑρ+Γ ,P

∣∣
k A

)
(τ) = ∑

σ∈Γ ∗/c2Γ
G(σ)ϑσ+c2Γ ,P(τ)

where
G(σ) :=

1
v(Γ )cn/2 ik+r ∑

λ∈Γ ∗/cΓ
λ≡ρ (Γ )

e
πi
c (aλ 2+2λσ+dσ2).

Now

a
c

λ 2 +
2λσ

c
+

d
c

σ2 =
a
c

λ 2 +
2(ad −bc)

c
λσ +

d
c

σ2

=
a
c
(λ +dσ)2 − ad2

c
σ2 −2bλσ +

d
c

σ2

=
a
c
(λ +dσ)2 −2bλσ +d

1−ad
c

σ2.

Thus

G(σ) =
1

v(Γ )cn/2 ik+r
e−πib(dσ2+2σρ) ∑

λ∈Γ ∗/cΓ
λ≡ρ (Γ )

eπi a
c (λ+dσ)2

=
1

v(Γ )cn/2 ik+r
e−πib(dσ2+2σρ) ∑

λ∈Γ ∗/cΓ
λ≡ρ+dσ (Γ )

eπi a
c λ 2

.

This shows in particular that the coefficient G(σ) only depends on σ mod Γ . Therefore
we have (

ϑρ+Γ ,P
∣∣
k A

)
(τ) = ∑

σ∈Γ ∗/Γ
G(σ)ϑσ+Γ ,P(τ),

yielding the formula of Proposition 3.2 for c �= 0. �

We examine the coefficients of the formula of Proposition 3.2 for c �= 0 more closely.

Let
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S := ∑
λ∈Γ ∗/cΓ

λ≡ρ+dσ (Γ )

eπi a
c λ 2

.

Replacing λ by λ + cμ , where μ ∈ Γ ∗, cμ ∈ Γ , we get

S = ∑
λ∈Γ ∗/cΓ

λ≡ρ+dσ (Γ )

eπi a
c (λ+cμ)2

= eπiacμ2 ∑
λ ...

eπi( a
c λ 2+2aλ μ)

= eπi(acμ2+2a(ρ+dσ)μ)∑
λ ...

eπi a
c λ 2

= eπi(acμ2+2a(ρ+dσ)μ) ·S.

Hence S can only be different from zero if

eπi(acμ2+2a(ρ+dσ)μ) = 1

for all μ ∈ Γ ∗ with cμ ∈ Γ .

Definition. The minimum of all N ∈ N with Nμ2 ∈ 2Z for all μ ∈ Γ ∗ is called the level
of Γ .

Lemma 3.2. Let N be the level of Γ . Then NΓ ∗ ⊂ Γ .

Proof. Let (e1, . . . ,en) be a basis of Γ , and let A be the matrix ((ei · e j)) (cf. Sect. 1.1).
We claim that NA−1 is an integral matrix. In fact, let (e∗1, . . . ,e

∗
n) be the dual basis of

(e1, . . . ,en). Now

N(e∗i · e∗j) =
1
2

N
(
(e∗i + e∗j)

2 − (e∗i )
2 − (e∗j)

2) ,
and by definition of N, Nμ2 ∈ 2Z for all μ ∈ Γ ∗. Hence Ne∗i · e∗j ∈ Z for all 1 ≤ i, j ≤ n,

and therefore NA−1 =
(
(Ne∗i · e∗j)

)
(cf. Sect. 1.1) is an integral matrix. But

Ne∗i =
n

∑
j=1

Nbi je j,

where B = ((bi j)) = A−1. Since NB = NA−1 is an integral matrix, Ne∗i ∈Γ for all 1 ≤ i ≤
n. This proves NΓ ∗ ⊂ Γ , and hence the lemma. �

Remark 3.2 Let Δ = (−1)n/2 disc (Γ ) and let N be the level of Γ . Then ΔA−1 is an
integral matrix with even diagonal elements. The same is true for NA−1 as we have shown
in the proof of Lemma 3.2. It follows that N | Δ and Δ | Nn.

Now let N be the level of Γ and suppose that N | c. Then S can only be different from
zero if a(ρ + dσ)μ ∈ Z for all μ ∈ Γ ∗. But this is equivalent to a(ρ + dσ) ∈ Γ ∗∗ = Γ .
But then aρ +σ ∈ Γ since bcσ ∈ Γ by Lemma 3.2. Finally we have
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ϑaρ+Γ ,P = (−1)rϑ−aρ+Γ ,P.

Therefore we have proved

Corollary 3.1. Let Γ ⊂ Rn (n even) be an even integral lattice of level N, ρ ∈ Γ ∗, A =(
a b
c d

)
∈ SL2(Z), and suppose N | c. Then

ϑρ+Γ ,P
∣∣
k A = ε(A)eπiabρ2

ϑaρ+Γ ,P,

where

ε(A) =

⎧⎨⎩
1

v(Γ )(ic)n/2 ∑
λ∈Γ/cΓ

eπi a
c λ 2

for c �= 0,

d−n/2 for c = 0.

One can consider the following subgroups of finite index of SL2(Z):

Γ0(N) :=
{(

a b
c d

)
∈ SL2(Z)

∣∣∣∣ N | c
}

Γ1(N) :=
{(

a b
c d

)
∈ SL2(Z)

∣∣∣∣ a ≡ d ≡ 1 (N), c ≡ 0 (N)

}
Γ (N) :=

{(
a b
c d

)
∈ SL2(Z)

∣∣∣∣ (a b
c d

)
≡
(

1 0
0 1

)
(N)

}
.

The last group is the principal congruence subgroup of level N of SL2(Z). It is a normal
subgroup of SL2(Z).

By Corollary 3.1 one has in particular

ϑΓ ,P|k A = ε(A)ϑΓ ,P

for A ∈ Γ0(N). This formula implies that the mapping ε : Γ0(N) → C∗ is a group ho-
momorphism. Such a group homomorphism is called a character of Γ0(N). We want to
determine this character. For the following corollary cf. [28, §22, Corollary to Lemma 9].

Corollary 3.2 (Reciprocity law for Gaussian sums). Let A∈Γ0(N), A=

(
a b
c d

)
, d,c �=

0. Then
ε(A) = d−n/2 ∑

λ∈Γ /dΓ
eπi b

d λ 2
.

Proof. We write

ϑΓ ,P|k A = ϑΓ ,P|k
(

A ·
(

0 −1
1 0

)−1
)∣∣∣∣∣

k

(
0 −1
1 0

)
,

and apply twice the transformation formula of Proposition 3.2. �
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Lemma 3.3. Let A ∈ Γ0(N), A =

(
a b
c d

)
. Then

ε
(

a b
c d

)
= ε

(
a b+ la
c d + lc

)
for any integer l.

Proof. This follows directly from Corollary 3.1. �

Let G(b,d) (for d �= 0) be the Gaussian sum

G(b,d) := ∑
λ∈Γ /dΓ

eπi b
d λ 2

.

For the following lemma cf. [28, §22, Lemma 10].

Lemma 3.4. Let A ∈ Γ0(N), A =

(
a b
c d

)
, d,c �= 0. Then the Gaussian sum G(b,d) is a

rational number. Moreover, G(b,d) = G(1,d).

Proof. Since Γ is even, G(b,d) is a sum of dth roots of unity and hence lies in the field
Q(ζ ), where ζ = e2πi/d . By Corollary 3.2,

G(b,d) = dn/2ε(A).

By Lemma 3.3 we get

G(b,d) = dn/2ε(A) = dn/2(d + lc)−n/2 ∑
λ∈Γ /(d+lc)Γ

eπi b+la
d+lc λ 2

for all integers l. Hence G(b,d) ∈ Q(ζl), where ζl = e2πi/(d+lc), for all integers l. Since
c and d are coprime, there exists an l such that d and d + lc are coprime. For this l
we have Q(ζ )∩Q(ζl) = Q, thus G(b,d) ∈ Q. Moreover, G(b,d) is invariant under all
automorphisms of Q(ζ ). Using the automorphism ζ �→ ζ b, we see that G(b,d) = G(1,d).
This proves Lemma 3.4. �


Let A ∈ Γ0(N), A =

(
a b
c d

)
. Corollary 3.2 and Lemma 3.4 show that ε(A) depends

only on d. In fact, Lemma 3.3 implies that ε(A) depends only on the congruence
class of d mod N. Therefore, using the formula of Corollary 3.2, we get ε(A) = 1 for
A ∈ Γ1(N). Therefore ε factors to a rational character of Γ0(N)/Γ1(N), and hence, via
Γ0(N)/Γ1(N)

∼=−→ (Z/NZ)∗, A �−→ d mod N, to a character of (Z/NZ)∗, which we de-
note by χ .

It remains to determine χ(d) (= χ(d mod N)) for an integer d. It suffices to compute
χ(p) for a prime number p, p �= 2, which is coprime to N. Choose integers t and u with
pt −uN = 1. Now we apply Corollary 3.1 to
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A =

(
p 1

uN t

)
.

Since χ(t) = χ(p), we get

χ(p)v(Γ )(iuN)n/2 = ∑
λ∈Γ /uNΓ

eπi p
uN λ 2

≡
(

∑
λ∈Γ /uNΓ

eπi λ2
uN

)p

(mod p)

≡
(

ε(
(

1 1
uN pt

)
)v(Γ )(iuN)n/2

)p

(mod p).

Now ε(
(

1 1
uN pt

)
) = 1, and v(Γ ) = disc (Γ )1/2, where disc (Γ ) is the discriminant of Γ

(cf. Sect. 1.1). Moreover p � | disc (Γ ), and thus

χ(p) ≡
(

v(Γ )(iuN)n/2
)p−1

(mod p)

≡
(

disc (Γ )(−1)n/2
) p−1

2
(mod p).

If we set Δ = (−1)n/2 disc (Γ ), then we get

χ(p)≡ Δ
p−1

2 (mod p)≡
(

Δ
p

)
( Legendre symbol ) .

According to common use in number theory we write(
Δ
d

)
instead of χ(d). So we have finally proved the following theorem.

Theorem 3.2. We have

ϑρ+Γ ,P
∣∣
k A = ϑρ+Γ ,P for A ∈ Γ (N),

ϑΓ ,P|k A =

(
Δ
d

)
ϑΓ ,P for A ∈ Γ0(N).

3.2 Root Systems in Even Unimodular Lattices

Now we specialize to the case where Γ ⊂Rn is an even unimodular lattice. Then we have
the following corollary of Theorem 3.2.
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Corollary 3.3. Let Γ ⊂ Rn be an even unimodular lattice, and let P be a spherical poly-
nomial in n variables of degree r. Then ϑΓ ,P is a modular form of weight n

2 + r, and a
cusp form if r > 0.

Proof. The first assertion follows from Theorem 3.2, since a unimodular lattice has level
and discriminant 1, and n ≡ 0 (mod 8). So it remains to show that ϑΓ ,P is a cusp form if
r > 0. Now

ϑΓ ,P(τ) =
∞

∑
s=0

csqs

where q = e2πiτ , and
cs := ∑

x∈Γ
x2=2s

P(x).

Now if r > 0 then c0 = P(0) = 0, so ϑΓ ,P is a cusp form. This proves Corollary 3.3. �

We want to apply Corollary 3.3 to the classification of even unimodular lattices of

dimension ≤ 24. The idea of this application is due to B. B. Venkov ([89], see also [21,
Chap. 18]), and we shall follow his presentation.

We want to classify root systems in even unimodular lattices. Let

Γ2 :=
{

x ∈ Γ | x2 = 2
}

be the set of roots in Γ . Let

f (x) := (x · y)2 − (x · x)(y · y)
n

for a fixed y ∈ Rn. Then the polynomial f is harmonic (cf. Sect. 1.4). By Corollary 3.3,
ϑΓ , f is a cusp form of weight n

2 + 2. So for n = 8, 16, 24 the theta function ϑΓ , f is a
cusp form of weight 6, 10, 14 respectively. But by Theorem 2.5, such a form is identically
equal to zero. So all the coefficients cr of the expansion

ϑΓ , f (τ) =
∞

∑
r=0

crqr

have to be equal to zero for n = 8, 16, 24. So we have proved:

Proposition 3.3. Let Γ ⊂Rn be an even unimodular lattice, and let n= 8, 16, or 24. Then
for a fixed y ∈ Rn we have

∑
x∈Γ

x2=2r

(x · y)2 −
⎛⎝ ∑

x∈Γ
x2=2r

x2

⎞⎠ y2

n
= 0.

In particular we have the following equality for the roots in Γ :

∑
x∈Γ2

(x · y)2 =
1
n
·2 · |Γ2| · y2. (3.6)
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Corollary 3.4. Either Γ2 = /0 or Γ2 spans Rn.

Proof. If Γ2 does not span Rn, then there is a y ∈ Rn, y �= 0, which is orthogonal to all
elements of Γ2. Then Formula (3.6) implies |Γ2|= 0. �

Corollary 3.5. Let Γ ⊂ Rn be an even unimodular lattice, and let n = 8, 16, or 24. Then
all irreducible components of the root lattice spanned by Γ2 have the same Coxeter number
h, and h = 1

n |Γ2|.
Proof. This corollary follows from Propositions 3.3 and 1.6 by choosing y ∈ Rn to lie in
an irreducible component of the root lattice spanned by Γ2. �


Now let us consider the implications of Corollaries 3.4 and 3.5 for the cases n = 8, 16,
and 24 separately. We denote by (Γ2)Z the root lattice spanned by Γ2. For n = 8 we get
(Γ2)Z = E8 (cf. Proposition 2.5).

Let n = 16 and let Γ ⊂ R16 be an even unimodular lattice. Then ϑΓ is a modular form
of weight 8 (by Theorem 2.1). By Corollary 2.2, ϑΓ = E2

4 , where E4 is the Eisenstein
series of weight 4. Hence |Γ2| = 480 by Sect. 2.5. So by Corollary 3.5 all irreducible
components of (Γ2)Z have the Coxeter number 30. By Corollary 3.4 Γ2 spans R16. A look
at Table 1.1 yields the following two possibilities for (Γ2)Z:

(Γ2)Z = E8 ⊥ E8 or (Γ2)Z = D16.

Proposition 3.4. Let Γ ⊂ R24 be an even unimodular lattice. Then (Γ2)Z is one of the
following 24 lattices :

0,
24A1, 12A2, 8A3, 6A4, 4A6, 3A8, 2A12, A24,

6D4, 4D6, 3D8, 2D12, D24,
4E6, 3E8,

4A5 ⊥ D4, 2A7 ⊥ 2D5, 2A9 ⊥ D6, A15 ⊥ D9,
E8 ⊥ D16, 2E7 ⊥ D10, E7 ⊥ A17, E6 ⊥ D7 ⊥ A11.

Proof. The proof is the combinatorial verification that these 24 possibilities for (Γ2)Z are
the only possibilities for root systems Γ2 which satisfy the following two properties:

(i) Γ2 spans R24.
(ii) All the irreducible components of (Γ2)Z have the same Coxeter number.

Let

(Γ2)Z =
24⊕

i=1

αiAi ⊥
24⊕
j=1

β jD j ⊥
8⊕

k=6

γkEk.

Condition (i) means that

24

∑
i=1

iαi +
24

∑
j=1

jβ j +
8

∑
k=6

kγk = 24.

Using Table 1.1, one easily checks that condition (ii) leads to the following equations:
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iαi = 24,
jβ j = 24,
kγk = 24,

(2 j−3)α2 j−3 + jβ j = 24,
11α11 +7β7 +6γ6 = 24,

17α17 +10β10 +7γ7 = 24,
16β16 +8γ8 = 24.

The solutions to these seven equations yield exactly the possibilities of Proposition 3.4.
For more details see [89]. This proves Proposition 3.4. �

Exercise 3.1 Let Γ ⊂ R32 be an even unimodular lattice. Show that for a fixed y ∈ R32

we have

−528 ∑
x∈Γ
x2=2

(
(x · y)2 − x2y2

32

)
= ∑

x∈Γ
x2=4

(
(x · y)2 − x2y2

32

)
. (3.7)

(Hint: A cusp form of weight 18 must be a multiple of the cusp form ΔE6.)

Exercise 3.2 Let C ⊂ F32
2 be a doubly even self-dual code. We assume that C is extremal,

i.e., A4 = 0 and hence A8 = 620. Let Ãm be the number of codewords of weight m+1 in
C which have a 1 at the first position. Show that Ã7 =

1
4 A8. (Hint: Apply Formula (3.7) to

the lattice ΓC ⊂ R32 and to the vector y = (
√

2,0, . . . ,0) ∈ R32.)

Exercise 3.3 Let C ⊂ F32
2 be a doubly even self-dual code, not necessarily extremal.

Derive a relation between A4, Ã3, A8, and Ã7 from Formula (3.7).

In the next section we shall consider the question, in how many ways each of the above
root lattices can be realized as a root sublattice of an even unimodular lattice of the same
dimension.

3.3 Overlattices and Codes

We now want to discuss the existence and uniqueness of even unimodular lattices con-
taining a given root lattice of the same dimension as the root sublattice. More generally
we are concerned with the problem of the existence and uniqueness of embeddings of one
lattice into another of the same dimension. This problem can be treated with the technique
of discriminant forms which we now want to describe (see also [69]).

Let Γ be an even lattice in Rn. Then we have a canonical embedding Γ ↪→ Γ ∗ into the
dual lattice of Γ . The quotient group

GΓ := Γ ∗/Γ
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is a finite abelian group of order disc (Γ ) (see Sect. 1.1). We define a mapping bΓ :
GΓ ×GΓ →Q/Z by

bΓ (x+Γ ,y+Γ ) = x · y+Z, where x,y ∈ Γ ∗,

and a mapping qΓ : GΓ →Q/2Z by

qΓ (x+Γ ) = x2 +2Z, where x ∈ Γ ∗.

Then bΓ is a finite symmetric bilinear form, and qΓ is a finite quadratic form. By this
we mean a mapping q : G → Q/2Z defined on a finite abelian group G satisfying the
following conditions:

(i) q(rx) = r2q(x) for all r ∈ Z and x ∈ G,
(ii) q(x+ y)−q(x)−q(y)≡ 2b(x,y) (mod 2Z),

where b : G×G → Q/Z is a finite symmetric bilinear form, which we call the bilinear
form corresponding to q. The form qΓ is called the discriminant quadratic form of Γ .

Let Λ be an even lattice in Rn. We call an embedding Λ ↪→Γ , where Γ is another even
lattice in Rn, an even overlattice of Λ . We are interested in classifying such overlattices
of the given lattice Λ .

Let Λ ↪→ Γ be an even overlattice of Λ . Then we can consider the quotient group

HΓ := Γ /Λ ,

which is a finite abelian group of order [Γ : Λ ], where [Γ : Λ ] is the index of Λ in Γ . We
have a chain of embeddings

Λ ↪→ Γ ↪→ Γ ∗ ↪→ Λ ∗.

Hence HΓ ⊂ Λ ∗/Λ = GΛ . The subgroup HΓ ⊂ GΛ is isotropic, i.e., qΛ |HΓ = 0 , since Γ
is an even lattice. Now we have

Proposition 3.5. The correspondence Γ �→ HΓ is a one-to-one correspondence between
even overlattices of Λ and isotropic subgroups of GΛ . Unimodular lattices correspond to
isotropic subgroups H with |H|2 = |GΛ |.
Proof. The proof of the first assertion amounts to a simple verification, which can be left
to the reader. The second assertion follows from the formula

disc (Γ ) = [Γ : Λ ]−2 disc (Λ)

(cf. Sect. 1.1). �

Two lattices Γ ,Γ ′ ⊂ Rn are called isomorphic if there is an orthogonal automorphism

u ∈ On(R) with u(Γ ) = Γ ′. An automorphism of the lattice Γ is an orthogonal auto-
morphism u ∈ On(R) with u(Γ ) = Γ . Two overlattices Λ ↪→ Γ and Λ ↪→ Γ ′ are called
isomorphic if there exists an automorphism of Λ extending to an isomorphism of Γ with
Γ ′.

In order to formulate the next result, we observe that an isomorphism u : Λ1 → Λ2
of lattices induces an isomorphism u∗ : Λ ∗

1 → Λ ∗
2 of the dual lattices and determines an
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isomorphism u : qΛ1 → qΛ2 of their discriminant quadratic forms. In particular there is an
induced homomorphism O(Λ)→ O(qΛ ) between the automorphism groups of Λ and qΛ .

Proposition 3.6. Two even overlattices Λ ↪→Γ and Λ ↪→Γ ′ are isomorphic if and only if
the isotropic subgroups HΓ ⊂GΛ and HΓ ′ ⊂GΛ are conjugate under some automorphism
of Λ .

The proof of Proposition 3.6 is again a simple verification and can be left to the reader.

We now turn to the case that Λ is a root lattice. We want to embed Λ into an even
unimodular lattice of the same dimension without creating new roots. That means that we
are looking for even unimodular overlattices Λ ↪→ Γ such that Γ \Λ does not contain
any root. This is translated into a condition on the isotropic subgroup HΓ as follows. We
introduce a length function lΛ : GΛ →Q on GΛ defined by

lΛ (ξ ) := min
{

x2 | x ∈ Λ , x = ξ
}

for ξ ∈ GΛ ,

where x denotes the residue class of x in GΛ . Then Γ \Λ does not contain any root if and
only if lΛ (ξ ) �= 2 for all ξ ∈ HΓ . Hence we get the following corollary of Propositions
3.5 and 3.6.

Corollary 3.6. Let Λ ⊂Rn be a root lattice. There is a natural one-to-one correspondence
between isomorphism classes of even overlattices Λ ↪→ Γ with Γ2 = Λ2 and orbits of
isotropic subgroups H ⊂ GΛ with lΛ (ξ ) �= 2 for all ξ ∈ H under the image of the natural
homomorphism O(Λ) → O(qΛ ). Unimodular lattices correspond to subgroups H with
|H|2 = |GΛ |.
Example 3.1 Let Λ = Dn for n ≡ 0 (mod 8). Then we know from Sect. 1.4 that

Λ =
{
(x1, . . . ,xn) ∈ Zn ∣∣ ∑xi even

}
,

GΛ = Λ ∗/Λ ∼= (Z/2Z)× (Z/2Z),

and GΛ is generated by ω1 and ω2, which are the classes of (1,0, . . . ,0) and v =( 1
2 ,

1
2 , . . . ,

1
2

)
respectively. Now

qΛ (ω1) = 1, qΛ (ω2) = 0, bΛ (ω1,ω2) =
1
2
,

lΛ (ω1) = 1, lΛ (ω2) = v2 =
n
4
.

Thus for n ≥ 16 there is a unique (up to conjugation under automorphisms of Λ ) isotropic
subgroup H ⊂ GΛ with |H|2 = |GΛ | and lΛ (ξ ) �= 2 for all ξ ∈ H, namely the subgroup
H = {0,ω2} of GΛ . By Corollary 3.6 there is a unique (up to isomorphism) even unimod-
ular lattice Γ ⊂ Rn with root sublattice (Γ2)Z equal to Dn, namely the lattice

Dn(v) := Dn ∪ (Dn + v).

This shows in particular that for n = 16 there are up to isomorphism only two even uni-
modular lattices in Rn, namely the lattices
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E8 ⊥ E8 and D16(v).

This is a result due to Witt.

Analogously to the above theory for even lattices there is a theory for doubly even
binary codes. The following results are due to H. Koch (cf. [46]).

Let C ⊂ Fn
2 be a doubly even code of length n. The set

C4 := {c ∈C | w(c) = 4}

is called the tetrad system of C. A code C generated by tetrads, i.e., by codewords c ∈C
with w(c) = 4, is called a tetrad code. By Theorem 1.2 and Proposition 1.5, a tetrad code
can be decomposed into irreducible tetrad codes, which up to equivalence are the codes
d2k, k = 2, 3, . . . , which is the ”double” of the even weight code of length k,

e7 := H⊥, e8 := H̃,

where H and H̃ are the Hamming code and the extended Hamming code respectively.
Analogously to the case of lattices we define the finite abelian group

GC :=C⊥/C,

and the weight function wC : GC → Z by

wC(η) := min{w(y) | y = η} for η ∈ GC.

The symmetric group Sn operates by permutation of coordinates on Fn
2. Recall that two

codes C and C′ in Fn
2 are called equivalent, if there is a σ ∈ Sn with σ(C) = C′. The

automorphism group Aut (C) of C is defined by

Aut (C) := {σ ∈ Sn | σ(C) =C} .

An automorphism σ ∈ Aut (C) induces an automorphism σ⊥ ∈ Aut (C⊥) of the dual
code, and determines an automorphism σ ∈ Aut (GC) of GC. Hence there is a canonical
homomorphism Aut (C)→ Aut (GC).

Proposition 3.7. Let C be a tetrad code in Fn
2. There is a natural one-to-one correspon-

dence between equivalence classes of doubly even codes in Fn
2 with tetrad system C4 and

orbits of subgroups H of GC with wC(ξ ) ∈ 4Z−{4} for all ξ ∈ H under the image of the
natural homomorphism Aut (C) → Aut (GC). Self-dual codes correspond to subgroups
H with |H|2 = |GC|.

The proof of Proposition 3.7 is completely analogous to the proof of Corollary 3.6.

In Sect. 1.3 we associated to a code C ⊂ Fn
2 a lattice ΓC ⊂ Rn. Recall that ΓC =

1√
2
ρ−1(C), where ρ : Zn → Fn

2 is the reduction mod 2. Let (ε1, . . . ,εn) be the standard

basis of Rn. Then 1√
2
2εi ∈ ΓC for all 1 ≤ i ≤ n. These are n pairwise orthogonal roots.

Thus ΓC contains a root lattice of type nA1. The results of Sect. 1.3, Corollary 3.6 and
Proposition 3.7 can be combined to yield the following theorem.
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Theorem 3.3. The correspondence C �→ΓC induces a one-to-one correspondence between
equivalence classes of doubly even codes C in Fn

2 and isomorphism classes of even lattices
in Rn containing a root lattice of type nA1. Self-dual codes correspond to unimodular
lattices.

Proof. This follows from Corollary 3.6 and Proposition 3.7. The details of the proof can
be left as an exercise to the reader. �


3.4 The Classification of Even Unimodular Lattices of Dimension 24

In Sect. 3.2 we classified the possible root systems in an even unimodular lattice of di-
mension 24. In the last section we saw that the problem of classifying the even unimod-
ular lattices containing a given root lattice of the same dimension as the root lattice can
be translated into the problem of classifying certain subgroups of finite abelian groups.
Theorem 3.3 tells us that even unimodular lattices in Rn containing the root lattice nA1
correspond to doubly even self-dual codes in Fn

2.

Example 3.2 One of the root lattices of Proposition 3.4 is the root lattice 24A1. Let Γ ⊂
R24 be an even unimodular lattice containing 24A1 as the root sublattice, i.e., containing
no other roots than the roots of 24A1. Then by Theorem 3.3 Γ =ΓC for a doubly even self-
dual code C ⊂ F24

2 without tetrads. We showed the existence of such a code in Sect. 2.8.
It is the extended Golay code G̃ ⊂ F24

2 . In Sect. 2.8 we also showed that such a code is
unique up to equivalence. Hence by Theorem 3.3 such a lattice Γ exists and is unique up
to isomorphism.

Now, for each of the root lattices Λ of Proposition 3.4, it is possible to show the ex-
istence and uniqueness of the corresponding subgroup of GΛ , respectively of the corre-
sponding code. Thus one can prove:

Theorem 3.4 (Niemeier). Up to isomorphism there exist precisely 24 even unimodular
lattices in R24. Each lattice is uniquely determined by its root sublattice. The possible root
sublattices are the 24 listed in Proposition 3.4.

This result was obtained by H.-V. Niemeier in 1973 [68]. Niemeier used among other
things a method of M. Kneser [44], which involves studying neighbours of lattices (see
Sect. 4.1), requires extensive calculations, and does not explain the appearance of the
strange list of root lattices. This list was explained by B. B. Venkov [89]. The outline of
the proof of Theorem 3.4 above is due to Venkov [89].

Using Proposition 1.5, we obtain the following corollary of Theorem 3.3 and Theo-
rem 3.4.

Corollary 3.7. From the (up to isomorphism) 24 even unimodular lattices in R24, 9 cor-
respond to doubly even self-dual codes in F24

2 . They correspond to the root lattices

24A1, 6D4, 4D6, 3D8, 2D12, D24, 3E8, 2E7 ⊥ D10, E8 ⊥ D16.
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Some other lattices are obtained by considering codes over Fp, see Sect. 5.4.
The 9 lattices of Corollary 3.7 correspond to the doubly even self-dual codes in F24

2
with tetrad systems

/0, 6d4, 4d6, 3d8, 2d12, d24, 3e8, 2e7 +d10, e8 +d16.

By Theorem 3.3, the fact that each of the corresponding even unimodular lattices in R24

is uniquely determined by its root sublattice follows from the fact that the corresponding
code is characterized by its tetrad system. H. Koch has shown that the above 9 codes
satisfy a certain completeness principle and he has used this to show that each of these
codes is uniquely determined by its tetrad system, see [47] and the following exercise.

Exercise 3.4 Let us consider the case 6D4. The corresponding lattice is given by a doubly
even self-dual code C ⊂ F24

2 with tetrad system C4 of type 6d4. We denote by 〈C4〉 the
code generated by C4, hence 〈C4〉= 6d4. We have

C/〈C4〉 ⊂ G〈C4〉 = 〈C4〉⊥/〈C4〉 ∼= F6
4

where F4 = {0,1,ω,ω} with 1 = (1,1,0,0), ω = (1,0,1,0), ω = (1,0,0,1). Here x de-
notes the equivalence class of an element x ∈ F4

2 in d⊥
4 /d4. Show that 〈C4〉⊥/〈C4〉 is

the hexacode in F6
4 (cf. Sect. 2.8). (Hint: By Proposition 2.7 there are 735 codewords

of weight 8 in C, which are either represented in the form (0,0,a1,a2,a3,a4), ai ∈ F∗
4,

and permutations of the positions in F6
4 or belong to 15 codewords of weight 8 in 〈C4〉.

There can be at most 3 words of the form (0,0,a1,a2,a3,a4), ai ∈ F∗
4, in C/〈C4〉. For

each codeword of this form yields 16 codewords of weight 8 in C. There are 15 pos-
sibilities for the distribution of zeros. But there can be no more than 16 · 3 · 15 = 720
codewords of weight 8 in C/〈C4〉. Therefore there are exactly 3 codewords of the form
(0,0,a1,a2,a3,a4), ai ∈ F∗

4, in C/〈C4〉. After a possible permutation of the positions
in F24

2 , we may assume that these are the words (0,0,1,1,1,1), (0,0,ω,ω,ω,ω), and
(0,0,ω,ω,ω,ω). In particular, the last row of the generator matrix of the hexacode in
Sect. 2.8 is in C/〈C4〉. First show that also the 6 words (1,1,1,1,0,0), (ω,ω,ω,ω,0,0),
(ω,ω,ω,ω,0,0), (1,1,0,0,1,1), ω,ω,0,0,ω,ω), and (ω,ω,0,0,ω,ω) are in C/〈C4〉,
possibly after another permutation of the positions in F24

2 . Then show that also the first
and second row of the generator matrix of the hexacode are in C/〈C4〉.)

Note that we obtained in particular in Sect. 3.2 and Sect. 3.3 the classification of Witt in
dimension 16: There are (up to isomorphism) exactly two even unimodular lattices in R16.
Each lattice is uniquely determined by its root sublattice. The possible root sublattices are
E8+E8 and D16. Both even unimodular lattices correspond to doubly even self-dual codes
of length 16.

So we have classified even unimodular lattices up to dimension 24. One can derive
from the Minkowski-Siegel mass formula that the number of inequivalent even unimod-
ular lattices of dimension 32 is greater than 80,000,000 [81, p. 55] (but see also [48]).
Doubly even self-dual codes are classified up to length 32 [16]. The number of inequiva-
lent doubly even self-dual binary codes of length 40 is greater than 17,000.



Chapter 4

The Leech Lattice

4.1 The Uniqueness of the Leech Lattice

In Sect. 2.8 we defined an even unimodular lattice Λ24 ⊂R24 with x ·x ≥ 4 for all 0 �= x ∈
Λ24: the Leech lattice. This chapter is devoted to this important lattice. We shall first show
the uniqueness of this lattice. We shall prove the following theorem.

Theorem 4.1 (Conway). The Leech lattice is the unique (up to isomorphism) even uni-
modular lattice in R24 without roots.

This characterization of the Leech lattice was given by J. H. Conway [11] in 1969.
The following proof, which uses the classification of even unimodular lattices in R24 with
nontrivial root systems (see Chapter 3), was given by Venkov [89] (= [21, Chap. 18]).

The proof will involve the concept of a neighbour of a lattice (cf. [44]).

Definition. Two lattices Λ and Γ in Rn are called neighbours if their intersection Λ ∩Γ
has index 2 in each of them.

Let Λ ⊂ Rn be an even unimodular lattice. Then a neighbour of Λ can be constructed
as follows. Take any vector u ∈ Λ satisfying

u2

4
∈ Z,

u
2
/∈ Λ ,

and define

Λ1 := {x ∈ Λ | x ·u ≡ 0 (mod 2)} ,
Λ u := Λ1 ∪

(u
2
+Λ1

)
.

Then it is not difficult to show that Λ1 = Λ ∩Λ u, Λ u is unimodular, Λ and Λ u are neigh-
bours, all neighbours of Λ arise in this way, and u, u′ produce the same neighbour if and
only if u

2 ≡ u′
2 (mod Λ1). Note that the construction of the Leech lattice in Sect. 2.8 was a

special case of this construction.
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Proof of Theorem 4.1. Suppose that Λ ⊂ R24 is an even unimodular lattice with Λ2 = /0.
We want to prove that Λ is isomorphic to the Leech lattice. The theta function of Λ is a
modular form of weight 12. By Corollary 2.2, the condition Λ2 = /0 implies that the theta
function of Λ is the same as the theta function of the Leech lattice. For the space M12 of
modular forms of weight 12 is 2-dimensional, and we have two conditions for the theta
function of Λ : a0 = |Λ0|= 1, a1 = |Λ2|= 0, where

ϑΛ (τ) =
∞

∑
r=0

arqr, q = e2πiτ ,

(cf. also Lemma 2.5). This implies in particular that Λ8 �= /0.
We now consider a neighbour of the lattice Λ . Let u ∈ Λ8, u

2 /∈ Λ . Consider the neigh-
bouring lattice Γ := Λ u = Λ1 ∪

( u
2 +Λ1

)
where Λ1 = {x ∈ Λ | x ·u ≡ 0 (mod 2)}. By the

remarks above, Γ is an even unimodular lattice in R24. The set Γ2 of roots in Γ is non-
empty, since u

2 ∈ Γ2. We shall prove that the root sublattice of Γ is equal to kA1 for some
k. For this purpose, it suffices to show that any two roots x,y ∈ Γ2 with x �= ±y are or-
thogonal to each other. Let x,y be two roots of Γ with x �=±y. Assume that x · y �= 0. By
the Cauchy-Schwarz inequality, x · y =±1 (cf. the remarks at the beginning of Sect. 1.4).
Changing the sign of y if necessary, we may assume that x ·y = 1. This implies that x−y is
a root. But since Λ2 = /0, we have x,y ∈ u

2 +Λ1, and hence x−y ∈Λ1 ⊂Λ , which is a con-
tradiction. This shows that (Γ2)Z = kA1 for some k. Then, according to Proposition 3.4,
we must have k = 24. By Example 3.2, Γ is isomorphic to ΓG̃ for the extended Golay
code G̃. Therefore we can choose elements e1, . . . ,e24 in R24 such that ei · e j = 0 if i �= j,
e2

i =
1
2 , and e1, . . . ,e24 is a basis of R24. Moreover, ∑niei ∈ Γ if and only if ni ∈ Z for all

1 ≤ i ≤ 24 and ρ ((n1,n2, . . . ,n24)) ∈ G̃.
Since Λ and Γ are neighbours and any neighbour of Γ is of the form Γ v for a suitable

v ∈ Γ , there exists a v ∈ Γ with v2

4 ∈ Z and v
2 �∈ Γ such that Λ = Γ v = Γ1 ∪ ( v

2 +Γ1)
where Γ1 = {x ∈ Γ | x · v ≡ 0 (mod 2)}. Then v = ∑miei with mi ∈ Z for i = 1, . . . ,24.
Each mi must be odd. For assume that m j is even. Then (2e j) · v = m j ≡ 0 (mod 2) and
hence 2e j ∈ Γ1 ⊂ Γ v = Λ . But (2e j)

2 = 2 and hence 2e j ∈ Λ2, which is absurd, since
Λ2 = /0. Therefore each mi is odd. By the remarks on neighbouring lattices, v is defined
modulo 2Γ1. Hence we may assume that mi ≡ ±1(mod4). Since s2ei(e j) = (1− 2δi j)e j
for 1 ≤ i, j ≤ 24, by applying appropriate automorphisms s2ei we can even arrange that
mi ≡ 1(mod4). For all 1 ≤ i, j ≤ 24 we have 4ei +4e j ∈ 2Γ1, in particular also 8ei ∈ 2Γ1.
Therefore the mi can be chosen (modulo 2Γ1) in such a way that m1 ∈ {1,5} and mi = 1
for 2 ≤ i ≤ 24. For v = e1+ . . .+e24 we would have ( v

2 )
2 = 3, which is not possible, since

v
2 ∈ Λ and Λ is an even lattice. Therefore we must have m1 = 5 and hence

v = 5e1 + e2 + . . .e24 = 4e1 +
1√
2
·1.

But in Sect. 2.8 we have constructed the Leech lattice as the lattice Γ v for such a v. Hence
Γ v is the Leech lattice. This completes the proof of Theorem 4.1. �

Remark 4.1 There is a minor error in the original proof of Venkov which was also copied
in the first edition of this book, see [91].
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4.2 The Sphere Covering Determined by the Leech Lattice

In this section we shall consider the sphere packing and covering determined by the Leech
lattice.

Let Γ ⊂ Rn be a lattice. The minimum squared distance of any two lattice points is

dΓ = min
x∈Γ
x �=0

x · x .

This is called the minimum squared distance of the lattice. If we draw spheres of radius

r =
1
2

√
dΓ

around the points of Γ we obtain a sphere packing in Rn, namely infinitely many non-
overlapping (n−1)-spheres in Rn. The number r is called the packing radius of Γ .

The packing radius of the Leech lattice Λ24 is equal to 1, and the corresponding sphere
packing is very dense. It is the densest known sphere packing in R24. The Leech lattice
was discovered by J. Leech in connection with the sphere packing problem [54].

The sphere packing problem is the problem to find the densest sphere packing. Closely
related to the packing problem is the so called kissing number or Newton number problem:
Given an (n−1)-dimensional sphere, what is the maximal number τn of (non-overlapping)
(n−1)-dimensional spheres of the same radius touching it? It is easy to show that τ1 = 2,
τ2 = 6, but already difficult to show that τ3 = 12. (There was a famous controversy about
this number between Isaac Newton and David Gregory.) We have shown that

τ8 ≥ 240,

since there are 240 roots in the lattice E8, and

τ24 ≥ 196560,

since there are 196560 vectors of squared length 4 in Λ24 (cf. Sect. 2.7). A. M. Odlyzko
and N. J. A. Sloane ([73], cf. also [21, Chapter 13]), have shown that the above inequalities
are in fact equalities. These are all the known Newton numbers.

Dual to the packing problem is the covering problem: Find the least dense covering of
Rn by overlapping spheres! The packing radius r of a lattice Γ ⊂ Rn was defined above.
It is the largest number ρ , such that spheres of radius ρ centred at the lattice points do not
overlap. The covering radius R of a lattice Γ ⊂ Rn is the smallest number ρ , such that
spheres of radius ρ centred at the lattice points of Γ cover the whole Rn. In this section
we want to give an outline of the determination of the covering radius of the Leech lattice
due to J. H. Conway, R. A. Parker, and N. J. A. Sloane ([17], see also [21, Chap. 23]). For
this purpose one investigates the holes of the Leech lattice.

Let Γ ⊂ Rn be a lattice. A point c ∈ Rn whose distance from the points of Γ is a local
maximum is called a hole of Γ . Let c be a hole of Γ , and let d be the minimum distance of
c from the points of Γ . Then there are at least n+1 points of Γ having distance d from c,
and these lattice points form the vertices of a convex polytope P of dimension n which is
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Fig. 4.1 Packing radius r, covering radius R, and Delaunay polytope

called the Delaunay polytope of c. Two holes are equivalent, if their Delaunay polytopes
are congruent under translations and automorphisms of the lattice Γ .

A hole is called deep if d is equal to the covering radius R of Γ . Otherwise it is called
shallow.

We want to determine the deep holes of the Leech lattice Λ24. We first need two lem-
mas. The first one can be found in [12] (see also [21, Chap. 10]). For the second one see
[17]([21, Chap. 23]).

Lemma 4.1 (Conway). Every element of Λ24 is congruent modulo 2Λ24 to an element of
squared length at most 8.

Proof. We count the number of congruence classes modulo 2Λ24 of vectors of squared
length at most 8. Let ar denote the number of elements x ∈ Λ24 with x2 = 2r. From the
theta function of Λ24, which is by Sect. 2.7

ϑΛ24 = E3
4 −720Δ ,

we get

a1 = 0,
a2 = 196560,
a3 = 16773120,
a4 = 398034000.

So there are a2 +a3 +a4 vectors of squared length at most 8.
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Now let x,y ∈Λ24 be two vectors with x2,y2 ≤ 8, x �=±y, which are congruent modulo
2Λ24. Then since x± y ∈ 2Λ24 and Λ24 contains no roots we must have (x± y)2 = x2 ±
2xy+ y2 ≥ 16. But since x2 and y2 are both at most 8, this is only possible if x · y = 0 and
x2 = y2 = 8. In particular if x2 ≤ 6 then x is only congruent to −x modulo 2Λ24. If x2 = 8
then x can only be congruent modulo 2Λ24 to −x and to vectors orthogonal to x. If y and
z are such vectors then y and z have to be orthogonal to each other, too. Therefore the
vectors congruent to x modulo 2Λ24 but different from ±x must be orthogonal to x and
mutually orthogonal. There are at most 46 such elements. Therefore a congruence class
of some vector x with x2 = 8 contains at most 48 elements. We have therefore at least

a2

2
+

a3

2
+

a4

48

distinct classes of Λ24/2Λ24. But this sum turns out to be equal to 224 which is the order
of Λ24/2Λ24. Hence every element of Λ24/2Λ24 is represented by an element of squared
length at most 8. This proves Lemma 4.1. �

Lemma 4.2. Let c be a deep hole of Λ24 with Delaunay polytope P. Let v1, . . . ,vν be the
vertices of P. Then (vi − v j)

2 = 4,6, or 8, for i �= j.

Proof. Since the vi are in Λ24, we have (vi −v j)
2 ≥ 4 for all i �= j. Now assume that i �= j

and (vi − v j)
2 > 8. By Lemma 4.1 there exist x,y ∈ Λ24 with x2 ≤ 8 and vi − v j = x+2y.

Set x′ := vi − y, x′′ := v j + y, and z := 1
2 (vi + v j). Then x = x′ − x′′ and z = 1

2 (x
′ + x′′).

Since vi and v j have the same distance from c, we get

(vi − c)2 = (vi − z)2 +(z− c)2 =
1
4
(vi − v j)

2 +(z− c)2.

By interchanging x′ and x′′ if necessary, we may assume that (x′ − x′′) · (z− c)≤ 0. Since
(vi − v j)

2 > 8 by assumption, we have

(x′ − c)2 = (x′ − z)2 +2(x′ − z) · (z− c)+(z− c)2

=
1
4

x2 +(x′ − x′′) · (z− c)+(z− c)2

<
1
4
(vi − v j)

2 +(z− c)2

= (vi − c)2.

But this means that x′ is closer to c than vi, which is impossible. Thus (vi −v j)
2 = 4,6, or

8, for i �= j. This proves Lemma 4.2. �

Let c be a deep hole of Λ24, and v1, . . . ,vν be the vertices of its Delaunay polytope P.

By Lemma 4.2, (vi − v j)
2 = 4,6, or 8, for i �= j. Conway, Parker, and Sloane associate a

graph to c as follows. The vertices are in one-to-one correspondence with the vectors vi
(and are denoted by the same symbols). Two vertices vi and v j are

(i) not joined if (vi − v j)
2 = 4,

(ii) joined by an edge if (vi − v j)
2 = 6,
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(iii) joined by two edges if (vi − v j)
2 = 8.

The resulting graph is called the hole diagram corresponding to c.
Now suppose that R =

√
2. Then (vi − c)2 = 2 for all 1 ≤ i ≤ ν , and

(i) (vi − v j)
2 = 4 ⇐⇒ (vi − c) · (v j − c) = 0

(ii) (vi − v j)
2 = 6 ⇐⇒ (vi − c) · (v j − c) =−1

(iii) (vi − v j)
2 = 8 ⇐⇒ (vi − c) · (v j − c) =−2

So in this case the hole diagram is the Coxeter-Dynkin diagram corresponding to the set
of vectors {vi − c | 1 ≤ i ≤ ν}.

The notion of an extended Coxeter-Dynkin diagram was introduced in Sect. 1.5. We
have the following two propositions (cf. [17, Theorem 5] and [17, Theorem 6]).

Proposition 4.1. A hole diagram with no extended Coxeter-Dynkin diagram embedded in
it contains only ordinary Coxeter-Dynkin diagrams as components.

Proof. This follows from the proof of Theorem 1.2, i.e., from the classification of irre-
ducible root lattices. �

Proposition 4.2. The radius of a hole with a diagram in which all components are ordi-
nary Coxeter-Dynkin diagrams is less than

√
2.

Proof. Such a diagram corresponds to a fundamental system (e1, . . . ,eν) of roots of a
root lattice Γ in Rν . By the definition of the hole diagram, the vectors e1, . . . ,eν have
the same mutual distances as the points v1, . . . ,vν . Therefore we can identify the points
v1, . . . ,vν with the endpoints of the vectors e1, . . . ,eν . Let H be the affine hyperplane of Rν

containing these points. In H there is also a point corresponding to the centre c of the hole.
But the origin in Rν does not lie in H, since it is not a linear combination of e1, . . . ,eν .
The origin has distance

√
2 from the endpoints of the vectors e1, . . . ,eν . Thus |vi − c| =

2
√
(vi − c)2 <

√
2 for each i ∈ {1, . . . ,ν} (cf. Fig. 4.2). This proves Proposition 4.2. �
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Fig. 4.2 See the proof of Proposition 4.2

Now Conway, Parker, and Sloane proved the following two theorems ([17], see also
[21, Chap. 23]).
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Theorem 4.2 (Conway, Parker, Sloane). The covering radius of the Leech lattice is
R =

√
2.

Theorem 4.3 (Conway, Parker, Sloane). There are 23 inequivalent deep holes in the
Leech lattice under congruences of that lattice, and they are in one-to-one correspondence
with the 23 even unimodular lattices in R24 containing roots. The components of the hole
diagram of a deep hole are the extended Coxeter-Dynkin diagrams of the irreducible
components of the root sublattice of the corresponding even unimodular lattice.

Conway, Parker, and Sloane derived these theorems from the preceding results by a
rather long case-by-case consideration. Later R. E. Borcherds gave a uniform proof of
these results [5]. We indicate Borcherds’ proof in Sect. 4.4.

4.3 Twenty-Three Constructions of the Leech Lattice

Let Γ ⊂ Rn be an even overlattice of a direct sum of lattices

Γ1 ⊕Γ2 ⊕ . . .⊕Γk .

By Sect. 3.3 such a lattice is obtained as follows. The lattice Γ is generated by Γ1 ⊕Γ2 ⊕
. . .⊕Γk together with certain vectors

y = y1 + y2 + . . .+ yk ,

where each yi lies in Γ ∗
i . These vectors y are called glue vectors, and we say that the lattice

Γ is obtained by gluing the components Γ1, . . . ,Γk together by the glue vectors y.
In particular the 23 even unimodular lattices in R24 containing roots can be obtained by

gluing certain irreducible root lattices together by certain glue vectors. For abbreviation
let us call these 23 lattices described by Niemeier the Niemeier lattices.

Now Conway and Sloane ([20], see also [21, Chapter 24]) gave a construction of the
Leech lattice from each Niemeier lattice, using gluing theory. In order to state these re-
sults, we need some preparations. We follow [5].

Let Γ ⊂ Rn be an irreducible root lattice, and let (e1, . . . ,en) be a fundamental system
of roots of Γ . Recall that the Weyl vector of Γ is the vector

ρ =
1
2 ∑

α>0
α,

where the sum is over the positive roots of Γ (with respect to the given fundamental
system of roots of Γ ), cf. Sect. 1.5.

Now let N be a Niemeier lattice and choose a fundamental system of roots for its
root sublattice. The Weyl vector ρ of N is half the sum of the positive roots of N (with
respect to the given fundamental system of roots). It is the sum of the Weyl vectors of the
irreducible components of the root sublattice of N. By Corollary 3.4 the root sublattice of
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N has the same rank as N, and by Corollary 3.5 all its irreducible components have the
same Coxeter number h. We call h the Coxeter number of the Niemeier lattice N.

Lemma 4.3. The squared length of the Weyl vector ρ of N is 2h(h+1).

Proof. Let n1, . . . ,nk be the ranks of the irreducible components of the root sublattice of
N, and let h be the Coxeter number of such a component. By Lemma 1.17 we get

ρ2 =
k

∑
i=1

1
12

nih(h+1) = 2h(h+1),

since n1 + . . .+nk = 24. This proves Lemma 4.3. �

For the following two lemmas see also [5, Lemma 2.6] and [5, Lemma 2.7].

Lemma 4.4. The Weyl vector ρ of N lies in N.

Proof. Since N is unimodular, it suffices to show that ρ lies in the dual lattice N∗. This
means that we have to show that ρ · y is an integer for all y ∈ N. By definition

ρ =
1
2 ∑

α>0
α,

where the sum is over all positive roots α of N. Therefore

(2ρ · y)2 =

((
∑

α>0
α

)
· y
)2

=

(
∑

α>0
α · y

)2

≡ ∑
α>0

(α · y)2 (mod 2).

By Proposition 1.6
∑

α>0
(α · y)2 = y2h ≡ 0 (mod 2),

as y2 is even. Therefore the term (2ρ · y)2 is an even integer. Since ρ · y is rational, ρ · y
has to be an integer, which proves Lemma 4.4. �

Lemma 4.5. For y ∈ N we have(ρ

h
− y

)2
≥ 2

(
1+

1
h

)
.

The vectors y ∈ N for which equality holds form a complete set of representatives for
N/Γ , where Γ is the root sublattice of N.
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Proof. Since ρ2 = 2h(h+1), we have(ρ
h
− y

)2
−2

(
1+

1
h

)
=

(ρ −hy)2 −ρ2

h2

=
hy2 −2ρ · y

h

=

∑
α>0

(y ·α)2 − ∑
α>0

y ·α
h

(by Proposition 1.6)

= ∑
α>0

(y ·α)2 − y ·α
h

,

where the sums are over all positive roots α of N. The last sum is greater than or equal to
0 because the numbers y ·α are integers. This proves the first part of the lemma.

The above sum is equal to zero if and only if y ·α is 0 or 1 for all positive roots α of
N. Let

Γ = Γ1 ⊥ Γ2 ⊥ . . .⊥ Γk

be the decomposition of the root sublattice Γ into irreducible components. Then a vector
y ∈ N can be written

y = y1 + y2 + . . .+ yk,

with certain vectors yi ∈Γ ∗
i . If y ·α is 0 or 1 for all positive roots α of N, then each yi ∈Γ ∗

i
has inner product 0 or 1 with all positive roots of Γi. By Lemma 1.18 the vectors yi ∈ Γ ∗

i
with this property form a complete set of representatives for Γ ∗

i /Γi. Therefore the vectors
y ∈ N that have inner product 0 or 1 with all positive roots of N form a complete set of
representatives for N/Γ , and this proves the last part of Lemma 4.5. �


We are now ready to indicate the construction of Conway and Sloane. Let N be a
Niemeier lattice with root sublattice Γ . Choose a fundamental system of roots of Γ
whose Weyl vector is ρ . Let { f1, . . . , fν} be the union of the fundamental system of roots
and the set of the corresponding highest roots for the irreducible components of Γ . Let
{g1, . . . ,gμ} be the set of vectors of the form gi = yi − ρ

h , where yi is any vector of N such
that gi has squared length 2(1+ 1

h ). By Lemma 4.5, the vectors yi form a complete set of
coset representatives for N/Γ . In particular we have μ =

√
disc (Γ ). The set {g1, . . . ,gμ}

will be the set of glue vectors.
Now Conway and Sloane proved the following theorem:

Theorem 4.4 (Conway, Sloane). With the above notations one has:
(i) The vectors ∑mi fi +∑n jg j with ∑n j = 0 form the lattice N.
(ii) The vectors ∑mi fi +∑n jg j with ∑mi +∑n j = 0 form a copy of the Leech lattice.

Part (i) follows because { f1, . . . , fν} is a system of generators for Γ and {y1, . . . ,yμ}
is a complete set of coset representatives for N/Γ . For a proof of (ii) we refer to [5].

In particular for the Niemeier lattice with root sublattice of type 24A1 we get the con-
struction of the Leech lattice of Sect. 2.8.
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4.4 Embedding the Leech Lattice in a Hyperbolic Lattice

In this section we indicate Borcherds’ proof of Theorem 4.2 and Theorem 4.3 [5].
Up to now, we have only considered lattices in Rn, i.e., positive definite lattices. Recall

from Sect. 1.1 that an integral lattice L is a finitely generated free Z-module provided with
an integer valued symmetric bilinear form. We denote the bilinear form L×L −→ Z by
(x,y) �−→ x · y. We also write x2 for x · x. In this section we shall study integral lattices
where this form is indefinite.

Let L be an indefinite integral lattice. Then L contains vectors x with x2 = 0. A vector
x ∈ L with x2 = 0 is called an isotropic vector of L. A vector x ∈ L is called primitive, if
x = dy for y ∈ L and d ∈ Z implies d =±1.

Example 4.1 We denote by 0 the Z-module Z with the trivial bilinear form defined by

x · y = 0

for x,y ∈ Z.

Example 4.2 Let U be the free Z-module of rank 2 generated by two elements e1,e2
provided with the symmetric bilinear form defined by

(x1e1 + x2e2) · (y1e1 + y2e2) = x1y2 + x2y1.

Then U is a unimodular integral lattice, called a unimodular hyperbolic plane. The matrix
((ei · e j)) of this form with respect to the basis {e1,e2} is the matrix(

0 1
1 0

)
.

The vectors e1 and e2 are primitive isotropic vectors of U .

Let L and L′ be integral lattices. The orthogonal direct sum of L and L′, denoted by
L ⊥ L′, is the direct sum of the Z-modules L and L′ provided with the symmetric bilinear
form defined by

(x+ x′) · (y+ y′) = x · y+ x′ · y′

for x,y ∈ L and x′,y′ ∈ L′.

Example 4.3 Let Γ̃ be a free Z-module of rank n+1 with generators e1, . . . ,en+1. Define
the symmetric bilinear form on Γ̃ by prescribing the values on the generators e1, . . . ,en+1
by means of the Coxeter-Dynkin diagram corresponding to this set of vectors. Let the
Coxeter-Dynkin diagram of the set {e1, . . . ,en} be an ordinary Coxeter-Dynkin diagram
and the Coxeter-Dynkin diagram corresponding to {e1, . . . ,en+1} be the corresponding
extended Coxeter-Dynkin diagram. This means in particular that e2

i = 2 for all 1 ≤ i ≤
n+1, i.e., the generators e1, . . . ,en+1 are roots in Γ̃ , and e1, . . . ,en generate a root lattice
Γ of rank n. Let

β =
n

∑
i=1

miei
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be the highest root, and define
z := β + en+1.

Then z satisfies

z2 = (en+1 +β )2 = 4+2(en+1 ·β ) = 0,
z · ei = 0 for all 1 ≤ i ≤ n.

Therefore z is a primitive isotropic vector in Γ̃ which is orthogonal to e1, . . . ,en. So

Γ̃ = Γ ⊥ 0.

We need a lemma about primitive isotropic vectors in even unimodular lattices.

Lemma 4.6. Let z be a primitive isotropic vector of an even unimodular lattice L. Then z is
contained in a sublattice U of L which is a unimodular hyperbolic plane, and L =U ⊥ L′
for an even unimodular lattice L′.

Proof. (a) We first show that there exists a y ∈ L with z · y = 1 (cf. [81, Chap. V, §3,
Lemma 3]).

Let fz be the linear form y �−→ z · y. Suppose fz is not surjective. Then fz(y) ∈ dZ for
some d ∈ Z, d ≥ 2 and all y ∈ L. Then fz = dg for some g ∈ Hom(L,Z). But g(y) = 1

d z ·y
since z · y defines an isomorphism of L onto its dual L∗ = Hom(L,Z). This implies that
z
d ∈ L, contradicting the fact that z is primitive. Hence fz is surjective and there exists a
y ∈ L such that y · z = 1.

(b) Choose y ∈ L such that y · z = 1. If y2 = 2m, replace y by y−mz to obtain a new y
such that y2 = 0. The submodule of L generated by {z,y} is then a unimodular hyperbolic
plane U .

(c) Since disc(U) =−1, one clearly has U ∩U⊥ = {0}. Moreover, if x ∈ L, the linear
form y �−→ x · y (y ∈U) is defined by an element x0 ∈U . We then have x = x0 + x1 with
x0 ∈U and x1 ∈U⊥, hence L =U ⊥U⊥.

(d) Since disc(L) =±1 and disc(U) =−1, disc(U⊥) =±1, so U⊥ is unimodular.
Parts (a)-(d) constitute the proof of Lemma 4.6. �

We now embed the Leech lattice Λ24 into a hyperbolic lattice. That means that we

consider the lattice
L = Λ24 ⊥U.

We consider coordinates (λ ,m,n) ∈ L with λ ∈ Λ24, m,n ∈ Z, and

(λ ,m,n)2 = λ 2 +2mn.

Let λ ∈ Λ24 and consider the element

λ̃ :=
(

λ ,1,1− 1
2

λ 2
)
∈ L.

Then λ̃ is a root in L, i.e.,
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λ̃ 2 =

(
λ ,1,1− 1

2
λ 2

)2

= 2.

Let

Λ̃ =

{
λ̃ =

(
λ ,1,1− 1

2
λ 2

) ∣∣∣∣ λ ∈ Λ24

}
⊂ L.

The set Λ̃ can also be characterized in the following way. Let w be the isotropic vector
(0,0,1) ∈ L. Then Λ̃ is the set of all roots x in L which satisfy

x ·w = 1.

For let x = (λ ,m,n) ∈ L be a root with x ·w = 1. Since

(λ ,m,n) · (0,0,1) = m,

it follows that x ·w = 1 if and only if m is equal to 1. Furthermore

x2 = (λ ,1,n)2 = 2

implies that λ 2 +2n = 2, i.e., n = 1− 1
2 λ 2.

We identify the vectors of Λ24 with the elements of the subset Λ̃ ⊂ L. For λ ,μ ∈ Λ24
we have

λ̃ · μ̃ =

(
λ ,1,1− 1

2
λ 2

)
·
(

μ,1,1− 1
2

μ2
)

= λ ·μ +2− 1
2

λ 2 − 1
2

μ2

= 2− 1
2
(λ −μ)2.

So we get

(λ −μ)2 = 4 ⇐⇒ λ̃ · μ̃ = 0

(λ −μ)2 = 6 ⇐⇒ λ̃ · μ̃ =−1

(λ −μ)2 = 8 ⇐⇒ λ̃ · μ̃ =−2

Let c be a deep hole of Λ24, and let v1, . . . ,vν be the vertices of its Delaunay polytope.
It follows that the hole diagram corresponding to c is the Coxeter-Dynkin diagram of the
system of roots {ṽ1, . . . , ṽν} of the lattice L.

The following Lemma 4.8 is the main step in Borcherds’ proof of Theorem 4.2 (cf.
[5, Lemma 5.1]). For the proof of this lemma Borcherds uses an algorithm of Vinberg
[90]. We modify Borcherds’ proof avoiding the use of this algorithm. Instead we use the
following lemma.

Lemma 4.7. Let Γ be an irreducible root lattice of rank n, and let Γ̃ be the lattice Γ ⊥ 0,
where the lattice 0 ⊂ Γ̃ is generated by a primitive element z ∈ Γ̃ . Let t ∈ Hom(Γ̃ ,Z) be
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a linear form with t(α) �= 0 for all roots α in Γ̃ . Then there exists a system (e1, . . . ,en+1)

of roots in Γ̃ with the following properties:
(i) The Coxeter-Dynkin diagram of (e1, . . . ,en+1) is the extended Coxeter-Dynkin dia-

gram of Γ .

(ii) The primitive isotropic vector z is equal to
n+1
∑

i=1
miei with all mi > 0 and

n+1
∑

i=1
mi = h,

where h is the Coxeter number of Γ .

(iii) (e1, . . . ,en) is a fundamental system of roots for Γ and
n
∑

i=1
miei is the highest root

of Γ .
(iv) For all i, 1 ≤ i ≤ n+1, t(ei)> 0.

Proof. Let R and R̃ be the sets of roots in Γ and Γ̃ respectively. Define

R̃+
t = {α ∈ R̃ | t(α)> 0}, R+

t = R∩ R̃+
t .

Since t(α) �= 0 for all α ∈ R̃, we have R̃ = R̃+
t ∪ (−R̃+

t ) and R = R+
t ∪ (−R+

t ). Let S̃t be
the set of indecomposable elements of R̃+

t (cf. Sect. 1.4), and let St = S̃t ∩R. Then St is
a fundamental system of roots for the root lattice Γ . This follows from Lemmas 1.3, 1.4,
and 1.5, where one can replace the element t ∈ Rn by a linear form t : Rn −→ R with
t(α) �= 0 for all α ∈ R.

Let St = {e1, . . . ,en}. The same proof as for Lemma 1.3 shows that each element of
R̃+

t is a linear combination of elements of S̃t . Since R̃+
t generates Γ̃ , it follows that there

exists an indecomposable en+1 ∈ S̃t not contained in Γ .
Consider the natural projection Γ̃ −→ Γ and denote the image of an element α ∈ Γ̃

under this projection by α . Since {e1, . . . ,en} is a fundamental system of roots for Γ ,

en+1 =
n

∑
i=1

ciei

with integer coefficients ci, all non-negative or all non-positive. By Lemma 1.4

en+1 · ei ≤ 0 for 1 ≤ i ≤ n.

If en+1 ∈ R+
t , then Lemma 1.5 would imply that e1, . . . ,en,en+1 would be linearly inde-

pendent, a contradiction. Therefore en+1 ∈ −R+
t , and all ci have to be non-positive.

We claim that −en+1 is equal to the highest root β corresponding to Γ . For −en+1
satisfies

(−en+1) · ei ≥ 0 for 1 ≤ i ≤ n.

Of course −en+1 ≤ β . Therefore

β =−en+1 +
n

∑
i=1

diei

with all di ≥ 0. But the right-hand side can only be a root if all di = 0, since
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−en+1 +

n

∑
i=1

diei

)2

= e2
n+1 +2(−en+1) ·

(
n

∑
i=1

diei

)
+

(
n

∑
i=1

diei

)2

> 2

unless all di = 0. Therefore −en+1 = β , and hence z = β + en+1. Therefore (e1, . . . ,en+1)

is a system of roots of Γ̃ with the required properties. That

m+1

∑
i=1

mi = h

follows from Lemma 1.16. This proves Lemma 4.7. �

Lemma 4.8 (Borcherds). Let X be a set of elements of Λ̃ such that the Coxeter-Dynkin
diagram corresponding to X is a connected extended Coxeter-Dynkin diagram. Then X is
contained in a subset Y ⊂ Λ̃ such that the Coxeter-Dynkin diagram of Y is a disjoint union
of extended Coxeter-Dynkin diagrams and the numbers of vertices of the corresponding
ordinary Coxeter-Dynkin diagrams sum up to 24.

Proof. Let X = {x1, . . . ,xk+1}, where the numbering is such that the Coxeter-Dynkin di-
agram of {x1, . . . ,xk} is the corresponding ordinary Coxeter-Dynkin diagram. As in Ex-
ample 4.3, let

β =
k

∑
i=1

mixi

be the corresponding highest root, define mk+1 := 1, and consider the vector

z =
k+1

∑
i=1

mixi.

Then z is a primitive isotropic vector. According to Lemma 4.6, z is contained in a sublat-
tice U ′ of L which is a unimodular hyperbolic plane, L =U ′ ⊥ N for an even unimodular
lattice N of rank 24. This lattice must be positive definite and it contains roots, e.g. the
roots x1, . . . ,xk, hence it is a Niemeier lattice.

By Corollary 3.5 the irreducible components of the root sublattice of N all have the
same Coxeter number h. Let Γi be such an irreducible component, different from the com-
ponent spanned by {x1, . . . ,xk}. Consider the lattice Γ̃i = Γi ⊥ 〈z〉, where 〈z〉 denotes the
sublattice generated by z. Since w⊥ = Λ24 ⊥ 〈w〉, there are no roots in L perpendicular to
w. So y �−→ w · y (y ∈ Γ̃i) is an integer valued linear form on Γ̃i which does not vanish on
the roots of Γ̃i. By Lemma 4.7 there exists a system (e1, . . . ,el+1) of roots of Γ̃i with the
following properties:

(i) The Coxeter-Dynkin diagram of (e1, . . . ,el+1) is the extended Coxeter-Dynkin di-
agram of Γ̃i.

(ii) z =
l+1
∑
j=1

n je j, all n j > 0,
l+1
∑
j=1

n j = h.
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(iii) (e1, . . . ,el) is a fundamental system of roots for Γ and
l
∑
j=1

n je j is the highest root

of Γ .
(iv) For all j, 1 ≤ j ≤ l +1, w · e j > 0.

We show that the elements e1, . . . ,el+1 are contained in Λ̃ . Since z =
k+1
∑
j=1

m jx j and x j ·w =

1 for 1 ≤ j ≤ k+1, we have
h = z ·w.

Since also z =
l+1
∑
j=1

n je j, we have

h =

(
l+1

∑
j=1

n je j

)
·w =

l+1

∑
j=1

n j(e j ·w).

By property (iv), e j · w > 0 for 1 ≤ j ≤ l + 1, so we must have e j · w = 1 for all
j ∈ {1, . . . , l +1}. Therefore {e1, . . . ,el+1} ⊂ Λ̃ .

Now let Y be the union of the set X with the sets {e1, . . . ,el+1} for each irreducible
component Γi of the root sublattice of N different from the component generated by
{x1, . . . ,xk}. Then Y is a subset of Λ̃ with the required properties. This proves Lemma 4.8.
�


We are now ready to complete the proof of Theorem 4.2 which was started in Sect. 4.2.

Proof of Theorem 4.2 (cf. [5]). Let c be a hole of radius greater than or equal to
√

2. By
Proposition 4.1 and Proposition 4.2 the hole diagram of c contains an extended Coxeter-
Dynkin diagram. Let V be the set of vertices of the Delaunay polytope P of c correspond-
ing to this extended Coxeter-Dynkin diagram. By Lemma 4.8 there exists a set of vectors
W of the Leech lattice Λ24 containing V , such that the Coxeter-Dynkin diagram of W is a
disjoint union of extended Coxeter-Dynkin diagrams and W spans a sublattice of rank 24.
Let V = {v1, . . . ,vk+1}, let Ṽ = {ṽ1, . . . , ṽk+1} be the corresponding subset of Λ̃ , and let

z =
k+1

∑
i=1

miṽi

be the corresponding primitive isotropic vector as in the proof of Lemma 4.8. Then z can
be written as follows in the coordinates (λ ,m,n) of L = Λ24 ⊥U :

z =
(

ζ ,h,−1
2

ζ 2

h

)
,

where

ζ =
k+1

∑
i=1

mivi ∈ Λ24

and h is the Coxeter number corresponding to ṽ1, . . . , ṽk+1. This follows from Lemma 1.16.
Now for λ̃ =

(
λ ,1,1− 1

2 λ 2
) ∈ Λ̃ we have
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z · λ̃ = 0

⇐⇒
(

ζ ,h,−1
2

ζ 2

h

)
·
(

λ ,1,1− 1
2

λ 2
)
= 0

⇐⇒ ζ ·λ +h
(

1− 1
2

λ 2
)
− 1

2
ζ 2

h
= 0

⇐⇒ h
(

1− 1
2

(
ζ 2

h2 −2
ζ
h
·λ +λ 2

))
= 0

⇐⇒ 1− 1
2

(
ζ
h
−λ

)2

= 0

⇐⇒
(

ζ
h
−λ

)2

= 2.

Therefore c′ = ζ
h is a vector of Λ24 ⊗R which has distance

√
2 from the points of V and

is the centre of a hole of radius
√

2. The vectors of W are the vertices of the Delaunay
polytope P′ of c′. The point c′ is also the centre of V . But since V corresponds to a
component of the hole diagram, we have (v−w)2 = 4 for all vertices v,w of P with v ∈V ,
w �∈V . Therefore the centre of V is also the centre of P (cf. Fig. 4.3). Hence we must have

� �

�

�
�
�
��

v

√
2

√
4

c′
√

2 w

Fig. 4.3 Two non-joined vertices in the hole diagram

P = P′ and c = c′. Hence c has radius
√

2, and Λ has covering radius
√

2. This proves
Theorem 4.2. �


For the proof of Theorem 4.3 we need some auxiliary results.
Let N be a Niemeier lattice with Weyl vector ρ and Coxeter number h. We consider

the lattice
M = N ⊥U.

Let (y,m,n) be coordinates for M with y ∈ N, m,n ∈ Z such that

(y,m,n)2 = y2 +2mn.

By Lemma 4.4 the vector w := (ρ,h,−(h+1)) is in M and by Lemma 4.3 it is isotropic.
Lemma 4.6 implies that w is contained in a sublattice U ′ of M which is a unimodular
hyperbolic plane, and M =U ′ ⊥ N′ for an even unimodular lattice N′. We will show that
the lattice N′ has at most half as many roots as N (cf. [5, Lemma 4.2]. In fact it follows
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from Sect. 4.3 that N′ has no roots and is isomorphic to the Leech lattice. Unfortunately
we don’t know of any elementary direct proof of this fact. We can only show that there are
no roots in N′ which have inner product 0 or ±1 with z = (0,0,1) (cf. [5, Lemma 4.1]).

Lemma 4.9. There are no roots of M that are perpendicular to w and have inner product
0 or ±1 with z = (0,0,1).

Proof. Let r = (y,m,n) be a root of M that is perpendicular to w. First suppose that r has
inner product 0 with z. Then r · z = 0 implies m = 0, and hence r2 = y2 = 2, so y is a root
of N. Furthermore

0 = r ·w = (y,0,n) · (ρ,h,−(h+1)) = y ·ρ +nh,

and thus y ·ρ =−nh. But this is impossible, since we have 1 ≤ |y ·ρ| ≤ h−1 for any root
y of N.

Now suppose that r has inner product 1 with z. Then r · z = 1 implies m = 1. Further-
more

0 = r ·w = (y,1,n) · (ρ,h,−(h+1)) = y ·ρ − (h+1)+nh,

and
2 = r2 = (y,1,n)2 = y2 +2n.

Therefore (
y− ρ

h

)2
= y2 −2

y ·ρ
h

+
ρ2

h2

= 2−2n+2
nh−h−1

h
+2(h+1)h

= 2.

But this is impossible by Lemma 4.5.
If r has inner product −1 with z, then −r has inner product 1 with z. But we have just

seen that this is impossible. Hence no root in w⊥ can have inner product 0 or ±1 with z.
This proves Lemma 4.9. �


The following lemma is [5, Lemma 4.2].

Lemma 4.10. If N′ contains roots, i.e., if N′ is a Niemeier lattice, then its Coxeter number
h′ is at most 1

2 h.

Proof. Assume that N′ contains roots. Let Γi be any irreducible component of the root
sublattice of N′. By Lemma 4.9 all roots in w⊥ have nonzero inner product with z. There-
fore it follows from Lemma 4.7 that we can find a system (e1, . . . ,en+1) of roots in w⊥
with the following properties:

(i) (e1, . . . ,en+1) is a fundamental system of roots for Γi.

(ii) w =
n+1
∑
j=1

m je j with all m j > 0, and
n+1
∑
j=1

m j = h′.

(iii) For all j, 1 ≤ j ≤ n+1, e j · z > 0.
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Now (
n+1

∑
j=1

m je j

)
· z = (ρ,h,−(h+1)) · (0,0,1) = h.

Since e j ·z > 0, Lemma 4.9 implies that e j ·z ≥ 2. Since this is true for all j, 1 ≤ j ≤ n+1,
we obtain h′ ≤ 1

2 h and therefore the claim of Lemma 4.10. �

Lemma 4.11. For any Niemeier lattice N, the lattice M = N ⊥U can also be decomposed
as M = Λ ⊥ U ′, where U ′ is another unimodular hyperbolic plane and Λ is isomorphic
to the Leech lattice.

Proof. By Lemma 4.10 the lattice M = N ⊥ U can also be decomposed as M = N′ ⊥
U ′, where U ′ is a unimodular hyperbolic plane and N′ a Niemeier lattice with Coxeter
number at most 1

2 h or a lattice containing no roots. By repeating this we eventually get an
even unimodular 24-dimensional lattice Λ with no roots. By the uniqueness of the Leech
lattice, this must be the Leech lattice. Therefore Lemma 4.11 is proved. �


Lemma 4.11 also follows as a special case from a general structure theorem about
indefinite unimodular integral lattices: see [81, Chap. V, §2, Theorem 6].

Proof of Theorem 4.3. Let c be a deep hole of Λ24. Then the hole diagram of c contains
an extended Coxeter-Dynkin diagram. Let x1, . . . ,xk+1 be the vectors of Λ̃ corresponding
to it and let

z =
k+1

∑
i=1

mixi

be the corresponding primitive isotropic vector. As we saw in the proof of Theorem 4.2, z
can be written as follows in the coordinates (λ ,m,n) of L = Λ24 ⊥U :

z =
(

ζ ,h,−1
2

ζ 2

h

)
,

where ζ is a certain vector in Λ24 and h is the Coxeter number corresponding to
x1, . . . ,xk+1. As we have shown in the course of the proof of Lemma 4.8, z⊥ contains
a Niemeier lattice N with Coxeter number h. Let v1, . . . ,vν be the vertices of the Delau-
nay polytope of c, and let ṽ1, . . . , ṽν , ṽi =

(
vi,1,1− 1

2 v2
i
)
, be the corresponding vectors of

Λ̃ . Now for λ̃ =
(
λ ,1,1− 1

2 λ 2
) ∈ Λ̃ we have

z · λ̃ = 0 ⇔
(

ζ
h
−λ

)2

= 2,

as we saw in the proof of Theorem 4.2. Since c is the unique vector in Λ24 ⊗R which
has distance

√
2 from v1, . . . ,vν , it follows that c = ζ

h and z · ṽi = 0 for all i, 1 ≤ i ≤ ν .
Therefore the vectors ṽ1, . . . , ṽν are roots in the Niemeier lattice N. Since

ṽi · ṽ j =

(
vi,1,1− 1

2
v2

i

)
·
(

v j,1,1− 1
2

v2
j

)
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= vi · v j +1− 1
2

v2
i +1− 1

2
v2

j

= 2− 1
2
(vi − v j)

2

= (vi − c) · (v j − c),

the hole diagram of c is the Coxeter-Dynkin diagram corresponding to the vectors
ṽ1, . . . , ṽν . Therefore the components of the hole diagram of c are the extended Coxeter-
Dynkin diagrams of the irreducible components of the root sublattice of N. Since N is
determined up to isomorphism by its root sublattice, this establishes a mapping from the
set of deep holes of Λ24 to the set of isomorphism classes of even unimodular lattices
in R24 containing roots. It is clear that the isomorphism class of N only depends on the
congruence class of c under congruences of Λ24, because the congruence class of c is de-
termined by the hole diagram. It also follows that non-equivalent deep holes correspond
to non-isomorphic Niemeier lattices.

It remains to show the surjectivity of this mapping. But by Lemma 4.11, for any
Niemeier lattice N we can find a vector z ∈ L = Λ24 ⊥ U , such that z⊥ contains a lat-
tice isomorphic to N. This proves the surjectivity of the mapping and completes the proof
of Theorem 4.3. �


Conway and Sloane have found nice coordinates for the lattice L = Λ ⊥U which has
led to very simple definitions of the Leech lattice, see [19] (= [21, Chap. 26]). We shall
indicate the most elegant of these constructions.

Let Rn,1 denote the real (n+1)-dimensional vector space of vectors

x = (x1, . . . ,xn |xn+1)

with inner product defined by

x · y = x1y1 + . . .+ xnyn − xn+1yn+1

for x= (x1, . . . ,xn |xn+1), y= (y1, . . . ,yn |yn+1)∈Rn,1. Assume that n≡ 1 (mod8). Define
In,1 to be the set of vectors x = (x1, . . . ,xn |xn+1) with all xi ∈Z. This is an odd unimodular
lattice. Let Γ be the submodule of In,1 formed of elements x such that x · x is even, i.e.,

x1 + . . .+ xn − xn+1 ∈ 2Z.

One has [In,1 : Γ ] = 2. Let IIn,1 be the lattice in Rn,1 generated by Γ and by

u =

(
1
2
, . . . ,

1
2

∣∣∣∣ 1
2

)
.

Since n ≡ 1 (mod8), one has 2u ∈ Γ . But u �∈ Γ , so [IIn,1 : Γ ] = 2. The lattice IIn,1 is the
set of all x ∈ Rn,1 for which all xi are all in Z or all in Z+ 1

2 and which satisfy

x1 + . . .+ xn − xn+1 ∈ 2Z.
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Therefore we have x ·u = 1
2 (x1+ . . .xn−xn+1) ∈ Z. Since u ·u = n−1

4 , this shows that IIn,1
is an even integral lattice. Moreover the fact that Γ has the same index in In,1 as in IIn,1
shows that IIn,1 is unimodular, too. (IIn,1 is a neighbour of In,1, cf. Sect. 4.1.)

The lattice IIn,1 is the unique even unimodular hyperbolic lattice of rank n+ 1 up to
isomorphism. For n = 25 this follows from Lemma 4.6 and Lemma 4.11, for the general
case see [81, Chap. V, §2, Theorem 6].

Now consider the lattice II25,1 and the vector

w = (0,1,2,3, . . . ,23,24 |70)

in IIn,1. It is known that the only solutions of

02 +12 +22 + . . .+m2 = n2

in positive integers are (m,n) = (1,1) and (m,n) = (24,70) (cf. [65, p. 258]). Therefore
w is an isotropic vector in II25,1. Conway and Sloane [19] proved the following theorem
by using Theorem 4.4.

Theorem 4.5 (Conway, Sloane). The lattice w⊥/〈w〉 is isomorphic to the Leech lattice.

For the proof we refer to [19].
Similarly, consider the lattice II9,1 and the isotropic vector

w =
1
2
(1,1,1,1,1,1,1,1,1 |3)

in II9,1. Then w⊥/〈w〉 is isomorphic to the lattice E8 (cf. [14], [70], and [19, Lemma 6]).

Exercise 4.1 Find the roots in w⊥/〈w〉.
Exercise 4.2 Consider the lattice In,1 for 1 ≤ n ≤ 8. Let

w := (1, . . . ,1|3) ∈ In,1.

Show that the lattice w⊥ ⊂ In,1 is an even integral positive definite lattice of rank n and
discriminant −w2.

Exercise 4.3 Derive Table 4.1 of lattices w⊥ for 1 ≤ n ≤ 8. Here the ring O is the subring
{ a

2 +
b
2

√−7 |a,b ∈Z, a ≡ b(mod 2)} ⊂C∼=R2 with the symmetric bilinear form defined
in Sect. 5.1, and 〈2√2〉 denotes the lattice in R spanned by 2

√
2.

4.5 Automorphism Groups

In this section we state Conway’s remarkable result [13] (= [21, Chap. 27]) on the relation
between the automorphism group of the Leech lattice and the automorphism group of the
26-dimensional unimodular hyperbolic lattice.
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Table 4.1 Lattices w⊥ ⊂ In,1, 1 ≤ n ≤ 8

n w2 w⊥

8 −1 E8
7 −2 E7
6 −3 E6
5 −4 D5
4 −5 A4
3 −6 A1 ⊥ A2
2 −7 ring O of integers of Q(

√−7)
1 −8 〈2√2〉

As in Sect. 4.4, let L = Λ24 ⊥U and let Aut(L) denote the automorphism group of L.
As above, we consider coordinates (λ ,m,n) ∈ L with λ ∈ Λ24, m,n ∈ Z, and

(λ ,m,n)2 = λ 2 +2mn.

Let w = (0,0,1) and

Λ̃ =

{
λ̃ =

(
λ ,1,1− 1

2
λ 2

) ∣∣∣∣ λ ∈ Λ24

}
= {x ∈ L |x2 = 2 and x ·w = 1}.

We denote by R the subgroup of Aut(L) generated by the reflections corresponding to the
elements of Λ̃ and ±1.

The automorphism group Co0 := Aut(Λ24) of the Leech lattice is a group of order

22239547211 ·13 ·23 = 8315553613086720000.

The quotient group Co1 := Co0/{±1} is a famous sporadic simple group discovered by
Conway [11]. We define a group Co∞ as follows: Let Λ24 act on Λ24 by translations. Then
Co∞ is the semi-direct product

Co∞ := Λ24 ·Aut(Λ24).

This is the affine automorphism group of the Leech lattice.
Let G be a group acting on a set X with group action φ : G×X → X . The stabilizer

of a point x ∈ X is the subgroup Stab(x) = {g ∈ G |φ(g,x) = x}. One says that G acts
simply transitively on X if it acts transitively and the stabilizers of all the elements x ∈ X
are trivial.

Conway has proved [13] (= [21, Chap. 27]) (see also [5]):

Theorem 4.6 (Conway). The automorphism group Aut(L) of the lattice L = Λ24 ⊥U is
the semi-direct product of the subgroups R and Co∞.

Proof. a) We first show that R acts transitively on the primitive isotropic vectors of L that
are not orthogonal to any root of L. Let z = (ξ ,a,b) be such a vector where ξ ∈ Λ24,
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0 �= a ∈ Z, and b =− 1
2

ξ 2

a . For λ̃ = (λ ,1,1− 1
2 λ 2) ∈ Λ̃ we have

z · λ̃ = a− 1
2

a
(

ξ
a
−λ

)2

.

Since z is not orthogonal to any root, in particular z · λ̃ �= 0 for all λ̃ ∈ Λ̃ . This implies(
ξ
a
−λ

)2

�= 2

for all λ̃ ∈ Λ̃ . By Theorem 4.3 the covering radius of the Leech lattice is
√

2. Therefore
ξ
a cannot be the centre of a deep hole of Λ24 and there exists a λ̃ = (λ ,1,1− 1

2 λ 2) ∈ Λ̃
with (

ξ
a
−λ

)2

< 2.

Fix such a λ̃ . Let

a′ :=
1
2

a
(

ξ
a
−λ

)2

.

Then 0 ≤ |a′|< |a| and

sλ̃ (z) = z− (z · λ̃ )λ̃ =

(
ξ − (a−a′)λ ,a′,−1

2
ξ 2

a
− (a−a′)

(
1− 1

2
λ 2

))
.

If a′ = 0 then ξ −aλ = 0. This means that

sλ̃ (z) = (0,0,±1).

Otherwise, let

b′ :=−1
2

ξ 2

a
− (a−a′)

(
1− 1

2
λ 2

)
.

Since (sλ̃ (z))
2 = 0, we have

−2a′b′ = (ξ − (a−a′)λ )2.

Therefore 2a′b′ ≤ 0. Suppose a > 0. Then a′ > 0 and hence b′ ≤ 0. Since b =− 1
2

ξ 2

a < 0,
a−a′ > 0, and 1− 1

2 λ 2 < 0 if λ �= 0, we get 0 ≤ |b′|< |b|. The same is true when a < 0.
If b′ = 0 then ξ − (a−a′)λ = 0, and hence

sλ̃ (z) = (0,±1,0).

The vector sλ̃ (z) is again not orthogonal to any root. For let x ∈ L be a root. Then
sλ̃ (z) · x = z · sλ̃ (x) �= 0 since sλ̃ (x) is again a root.



4.5 Automorphism Groups 119

If a′ �= 0 and b′ �= 0 we can repeat the process with a := a′ and b := b′. Since 0 ≤
|a′| < |a| and 0 ≤ |b′| < |b|, after finitely many steps we will have a′ = 0 or b′ = 0.
Therefore we see that z is equivalent under the action of R to (0,±1,0) or to (0,0,±1).
For 0̃ = (0,1,1) ∈ Λ̃ we have

s0̃(0,1,0) = (0,0,−1).

By definition, R contains ±1. This shows that z is equivalent under the action of R to
w = (0,0,1). Moreover, since z · λ̃ �= 0 for every λ̃ ∈ Λ̃ , we see that there exists a unique
element r ∈ R with r(z) = w. This means that R acts simply transitively on the set of
primitive isotropic vectors of L which are not orthogonal to any roots.

b) Now let z ∈ L again be a primitive isotropic vector that is not orthogonal to any root
and let Stab(z) ⊂ Aut(L) be the stabilizer of z. We show that Stab(z) is isomorphic to
Co∞. An automorphism of L which fixes z must also map the orthogonal complement of
z to itself. Since the orthogonal complement does not contain any root, it is isomorphic to

Λ24 ⊥ 0.

Now an automorphism g of Λ24 ⊥ 0 which fixes the generator z of the lattice 0 must be of
the form

g(λ +az) = h(z)+φ(λ )z+az (λ ∈ Λ24,a ∈ Z)

for some h ∈ Aut(Λ24) and φ ∈ Λ ∗
24. Since Λ24 is unimodular, φ is of the form fx for

an element x ∈ Λ24 where fx is defined by fx(y) = x · y for y ∈ Λ24. Hence Stab(z) is the
semi-direct product of Aut(Λ24) and Λ24 where x ∈Λ24 acts on Λ24 ⊥ 0 by sending λ +az
to λ +(x ·λ )z+az. Hence Stab(z) is isomorphic to Co∞. This proves Theorem 4.6. �

Remark 4.2 Let Γ be an even unimodular 24-dimensional lattice without any roots. By
the general structure theorem about indefinite unimodular integral lattices [81, Chap. V,
§2, Theorem 6], the lattices Γ ⊥ U and L = Λ ⊥ U are isomorphic. By Sect. 4.4, the
lattices Γ and Λ correspond to primitive isotropic vectors of L which are not orthogonal
to any root of L. By part (a) of the proof of Theorem 4.6, there is an element of Aut(L)
which maps these vectors onto each other and hence maps Γ onto Λ . This shows again
that the Leech lattice is unique (cf. [5, Corollary 6.2]).

Exercise 4.4 The covering radius of the lattice E8 is 1. Using this fact, prove that the
automorphism group Aut(L) of the lattice L = E8 ⊥ U is generated by the reflections
corresponding to the roots of L and ±1. (Hint: This can be proved along the same lines as
Theorem 4.6.)

For further results concerning the embedding of the Leech lattice and other definite
lattices in a hyperbolic lattice see [18] (= [21, Chap. 28]) and [70].

The Leech lattice occurs in many different connections. For example, the Leech lattice
is related to the Fischer-Griess ”Monster” simple group (see [21, Chap. 29] and [15]).
There were discovered some rather mysterious connections between automorphisms of
the Leech lattice and singularities of complex surfaces (see [77] and [22]).



Chapter 5

Lattices over Integers of Number Fields and

Self-Dual Codes

5.1 Lattices over Integers of Cyclotomic Fields

Up to now, we have only considered binary codes. In this chapter we want to present a
generalization of the results of Chapter 2 to self-dual codes over Fp, where p is an odd
prime number. The results which we want to discuss are due to G. van der Geer and
F. Hirzebruch [36, pp. 759-798]. In Sect. 1.3 we associated an integral lattice in Rn to
a binary linear code of length n. In Sect. 5.2 we shall generalize this construction by
associating a lattice over the integers of a cyclotomic field to a linear code over Fp. In this
section we shall study lattices over integers of cyclotomic fields. For the background on
algebraic number theory see also [76] and [87].

Let p be an odd prime number. Let ζ := e2πi/p. Then ζ r for r = 0,1, . . . , p−1 are the
p-th roots of unity, and

xp −1 = (x−1)(x−ζ ) · · ·(x−ζ p−1).

The polynomial
1+ x+ x2 + . . .+ xp−1 = (xp −1)/(x−1)

is irreducible over Q. Its roots in C are the primitive p-th roots of unity ζ ,ζ 2, . . . ,ζ p−1,
i.e., over C

1+ x+ x2 + . . .+ xp−1 = (x−ζ ) · · ·(x−ζ p−1).

By setting x = 1 in this equation, one derives the equation

p = (1−ζ )(1−ζ 2) · · ·(1−ζ p−1). (5.1)

We are going to study the field K :=Q(ζ ). It is the field obtained by adjoining ζ to Q.
Since p−1 is the degree of the minimal polynomial of ζ over Q, K is a vector space over
Q of dimension p− 1. The elements 1,ζ , . . . ,ζ p−2 form a basis of this vector space, so
each element α ∈Q(ζ ) has a unique representation

α = a0 +a1ζ + . . .+ap−2ζ p−2, ai ∈Q.
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We shall show that the set{
α =

p−2

∑
i=0

aiζ i

∣∣∣∣∣ ai ∈ Z for i = 0,1, . . . , p−2

}

is the ring of integers of K. For this purpose we need to calculate the traces of some
elements in K.

Let K be an algebraic number field, i.e., a field extension of Q of finite degree n = [K :
Q].

An element x ∈ K is called integral over Z, if there exist a0, . . . ,am−1 ∈ Z such that

a0 +a1x+ . . .+am−1xm−1 + xm = 0,

i.e., if x is a root of a monic polynomial with integral coefficients. The elements of a
number field K which are integral over Z are called the integers of K. They form a subring
O of K. This ring O is a free Z-module of rank n.

For a number field K of degree n, there exist n distinct embeddings σi : K → C, i =
1, . . . ,n. These embeddings σi fix Q, i.e., σi(α) = α for all α ∈ Q. Then the trace of an
element α ∈ K over Q, denoted by TrK/Q(α), is defined by

TrK/Q(α) :=
n

∑
i=1

σi(α).

One has TrK/Q(α) ∈ Q. The number TrK/Q(α) is the trace of the endomorphism of the
Q-vectorspace K defined by multiplication by α . If there is no danger of confusion, we
write Tr(α) instead of TrK/Q(α).

For K =Q(ζ ) there are p−1 embeddings σ1, . . . ,σp−1 : K → C given by

σr(ζ ) = ζ r, r = 1, . . . , p−1.

Then the trace of an element α ∈Q(ζ ), α = a0+a1ζ + . . .+ap−2ζ p−2, is easily computed
to be

Tr(α) = (p−1)a0 −a1 −a2 − . . .−ap−2. (5.2)

Note that the σr leave Q(ζ ) invariant. Thus they form a group (with respect to composi-
tion), the Galois group of Q(ζ ) over Q.

Let O be the ring of integers of Q(ζ ). Evidently O contains ζ and its powers. Let
P := (1−ζ ) be the principal ideal of O generated by the element 1−ζ ∈O.

Lemma 5.1. P∩Z= pZ.

Proof. Formula (1) shows that p ∈ P. Thus pZ ⊂ P∩Z. Since pZ is a maximal ideal
of Z, the assumption P∩Z �= pZ implies P∩Z = Z, i.e., that 1− ζ is a unit in O. But
in this case the conjugates

(
1−ζ i

)
of 1− ζ must also be units; hence p must be a unit

in O∩Z by formula (5.1); and thus p−1 must belong to Z, which is absurd. This proves
Lemma 5.1. �

Lemma 5.2. For any α ∈P, Tr(α) ∈ pZ.



5.1 Lattices over Integers of Cyclotomic Fields 123

Proof. Let α ∈P. Then α can be written α = y(1−ζ ) for some y ∈O. Each conjugate
yi(1− ζ i) of y(1− ζ ) is a multiple (in O) of 1− ζ i, which is itself a multiple of 1− ζ ,
since 1− ζ i = (1− ζ )

(
1+ζ + . . .+ζ i−1

)
. Since the trace is the sum of the conjugates,

we have Tr(y(1−ζ )) ∈ P. Lemma 5.2 now follows immediately from Lemma 5.1, for
the trace of an integer belongs to Z. �

Proposition 5.1. The ring O of integers of the cyclotomic field Q(ζ ) is the subring{

α =
p−2

∑
i=0

aiζ i

∣∣∣∣∣ ai ∈ Z for i = 0, . . . , p−2

}
⊂ K

of K.

Proof. Let α = a0 +a1ζ + . . .+ap−2ζ p−2, ai ∈Q, be an element of O. Then

α(1−ζ ) = a0(1−ζ )+a1(ζ −ζ 2)+ . . .+ap−2
(
ζ p−2 −ζ p−1) .

Therefore Tr(α(1−ζ )) = a0 Tr(1− ζ ) = a0 p. By Lemma 5.2, pa0 ∈ pZ, so a0 ∈ Z.
Since ζ−1 = ζ p−1, one has ζ−1 ∈O. Therefore

(α −a0)ζ−1 = a1 +a2ζ + . . .+ap−2ζ p−3 ∈O.

By the same argument as before, a1 ∈ Z. Applying the same argument successively, we
conclude that each ai ∈ Z. This proves Proposition 5.1. �


We continue the study of the principal ideal P of O.

Lemma 5.3. Pp−1 = (p)⊂O.

Proof. Consider the element

1−ζ r

1−ζ s ∈Q(ζ ), r ≡ ts (mod p).

Since 1−ζ i = (1−ζ )(1+ζ + . . .+ζ i−1), we have

1−ζ r

1−ζ s =
1−ζ ts

1−ζ s = 1+ζ s + . . .+ζ (t−1)s ∈O.

We conclude that P= (1−ζ s) for arbitrary s �≡ 0 (mod p). Lemma 5.3 now follows from
formula (5.1). �


Now consider the mapping ρ : O→Z/pZ sending α = a0+a1ζ +. . .+ap−2ζ p−2, ai ∈
Z, to ρ(α) ≡ a0 + a1 + . . .+ ap−2 (mod p). This is an additive homomorphism. Using
Lemma 5.1, the kernel of this homomorphism is easily seen to equal P. This shows that

O/P∼= Z/pZ= Fp,

and the mapping ρ can be considered as the reduction mod P.
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By the general remarks above, O is isomorphic to Zp−1 as a Z-module. We shall define
a bilinear form on O.

Consider again the general case of an algebraic number field K of degree n = [K : Q].
Let O be the ring of integers of K. Let σ1, . . . ,σn : K −→ C be the different embeddings
of K in C, and let (α1, . . . ,αn) be a basis of the Z-module O. Then (σi(α j)) is an n×n-
matrix. The number

ΔK := (det(σi(α j)))
2

is independent of the choice of the σi and the basis (α1, . . . ,αn) of O, and is called the
discriminant of K.

Now for x,y ∈ O the mapping (x,y) �→ Tr(xy) defines a symmetric bilinear form on
the Z-module O with values in Z. So (Tr(αiα j)) is an integral n×n-matrix. Then

det(Tr(αiα j)) = det

(
∑
k

σk(αiα j)

)

= det

(
∑
k

σk(αi)σk(α j)

)
= det(σk(αi)) ·det(σk(αi))

= ΔK .

Now assume that K =Q(α), and let f (x) = a0 +a1x+ . . .+anxn be the minimal poly-
nomial of α over Q. Assume in addition that ai ∈Z for i= 0, . . . ,n and that an = 1. Finally
assume that 1,α, . . . ,αn−1 is a basis of the Z-module O.

Then

ΔK =
(
det

(
σi
(
α j−1)))2

= det

⎛⎜⎜⎜⎝
1 σ1(α) · · · σ1(α)n−1

1 σ2(α) · · · σ2(α)n−1

...
...

. . .
...

1 σn(α) · · · σn(α)n−1

⎞⎟⎟⎟⎠
2

=

(
∏
i< j

(σi(α)−σ j(α))

)2

(Vandermonde)

= (−1)n(n−1)/2 ∏
i�= j

(σi(α)−σ j(α)) .

This shows that ΔK is the discriminant of the minimal polynomial f (x) of α , since the
σi(α), i = 1, . . . ,n, are the conjugates of α , i.e., the roots of the minimal polynomial f (x)
of α .

Now we specialize again to the case α = ζ , K =Q(ζ ). In this case we get
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ΔQ(ζ ) = (−1)
p−1

2 ∏
i�= j

(
ζ i −ζ j)

= (−1)
p−1

2

p−1

∏
i=1

p−1

∏
k=1

k �≡−i(p)

(
ζ i −ζ i+k

)

= (−1)
p−1

2

p−1

∏
i=1

ζ i
p−1

∏
k=1

k �≡−i(p)

(
1−ζ k

)

= (−1)
p−1

2

(
p−1

∏
k=1

(
1−ζ k

))p−2

ζ
1
2 p(p−1)

= (−1)
p−1

2 pp−2 (by formula (5.1)) .

The absolute value of the discriminant ΔQ(ζ ) also follows from Lemma 5.3.
For x ∈ Q(ζ ) let x denote the complex conjugate. We now consider the bilinear form

(x,y) �→ Tr(xy), x,y ∈O, on O. Since

Tr(xx) = ∑
σ

σ(x)σ(x)> 0

for x �= 0, x ∈ O, where σ runs through the embeddings of Q(ζ ), this form is positive
definite. This form has determinant pp−2, as is easily deduced from det(Tr(ζ iζ j)) =

(−1)
p−1

2 pp−2 and the fact that the mapping x → x, considered as an endomorphism of the
Q-vector space Q(ζ ), has determinant (−1)

p−1
2 . Thus the symmetric bilinear form

〈x,y〉 := Tr
(

xy
p

)
, x,y ∈O,

has determinant 1
p .

We have seen above that P = (1 − ζ ) is a submodule of O of index p. We can
consider the bilinear form 〈x,y〉 = Tr

(
xy
p

)
on P: By the foregoing it has determi-

nant p, and Tr
(

xy
p

)
∈ Z for x,y ∈ P, by Lemma 5.2. Moreover this form is even:

〈x,x〉= Tr
(

xx
p

)
∈ 2Z for all x ∈P. For this we use the following remark.

Remark 5.1 The real subfield of K is

K ∩R= {x ∈ K | x = x} .

We denote this subfield by k. Let α ∈ K, α = a0 + a1ζ + . . .+ ap−1ζ p−1 with ai ∈ Q.

Then α ∈ k if and only if ai = ap−i for i = 1, . . . , p−1
2 . Let α ∈ k. Then α can be written

α = a0 +a1(ζ +ζ−1)+a2(ζ 2 +ζ−2)+ . . .+a p−1
2

(
ζ

p−1
2 +ζ− p−1

2

)
.
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This shows that k =Q(ζ +ζ−1), and that (1, ζ +ζ−1, ζ 2 +ζ−2, . . . ,ζ
p−1

2 −1 +ζ− p−1
2 +1)

is a basis of k over Q. In particular [K : k] = 2, [k : Q] = p−1
2 . Moreover

TrK/Q

(
xx
p

)
= 2 Trk/Q

(
xx
p

)
.

This shows that the above bilinear form on P is even.

Recall from Sect. 1.1 that a (positive definite) integral lattice is a free Z-module (free
abelian group) Γ of finite rank n together with a positive definite symmetric bilinear form
〈 , 〉 : Γ ×Γ → Z with values in Z. This lattice is called even, if 〈x,x〉 ∈ 2Z for all x ∈ Γ .
So P with the bilinear form 〈x,y〉 = Tr

(
xy
p

)
is an even integral lattice. In fact we can

prove the following lemma:

Lemma 5.4. The lattice P with the bilinear form (x,y) �→ 〈x,y〉= Tr
(

xy
p

)
is isomorphic

to the root lattice Ap−1.

Proof. By the definition of 〈 , 〉 we have

〈1,1〉 = p−1
p

,

〈ζ r,ζ r〉 = Tr
(

ζ rζ−r

p

)
=

p−1
p

,

〈ζ r,ζ s〉 = Tr
(

ζ rζ−s

p

)
= Tr

(
ζ r−s

p

)
=

1
p
(ζ +ζ 2 + . . .+ζ p−1) =− 1

p
, r �≡ s (mod p).

This implies that

〈ζ r −ζ s, ζ r −ζ s〉= p−1
p

+
p−1

p
−2

(
− 1

p

)
= 2,

so the vectors ζ r −ζ s for r �≡ s (mod p) are roots in P. There are p(p−1) vectors of this
form. This number agrees with the number of roots of Ap−1. Now the vectors

1−ζ , ζ −ζ 2, ζ 2 −ζ 3, . . . , ζ p−2 −ζ p−1

form a basis of P, and the corresponding Coxeter-Dynkin diagram is the diagram

� � � �� � �

1−ζ ζ −ζ 2 ζ 2 −ζ 3 ζ p−2 −ζ p−1

which is the Coxeter-Dynkin diagram of Ap−1. This proves Lemma 5.4. �
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Remark 5.2 Note that the dual lattice P∗ of P is O: The inclusion O ⊂ P∗ follows
from Lemma 5.2, which implies that Tr

(
xy
p

)
∈ Z for y ∈O, x ∈P. In Sect. 1.1 we have

shown that the index [Γ ∗ : Γ ] of a lattice Γ in its dual lattice Γ ∗ is equal to the discriminant
disc (Γ ) of Γ . So [P∗ : P] = p. Since also [O : P] = p, we conclude that P∗ =O.

5.2 Construction of Lattices from Codes over Fp

As before, let p be an odd prime number. Let C ⊂ Fn
p be a (linear) code over Fp of length

n. We assume throughout this section that C ⊂C⊥. This means that x ·y= 0 for all x, y∈C.
Let m = dimC.

As in Sect. 5.1, let O be the ring of integers of the cyclotomic field Q(ζ ). We construct
a lattice ΓC ⊂ On from C as follows. By Sect. 5.1, ΓC will be an integral lattice of rank
n(p−1). The construction generalizes the construction of Sect. 1.3 for the case p = 2.

Definition. Let ρ :On →Fn
p be the mapping defined by the reduction modulo the principal

ideal P= (1−ζ ) in each coordinate. Then define

ΓC := ρ−1(C)⊂On.

Let x,y ∈On, x = (x1, . . . ,xn), y = (y1, . . . ,yn) with xi, yi ∈O for i = 1, . . . ,n. For each
coordinate we have the symmetric bilinear form defined by (xi,yi) �→ Tr

(
xiyi

p

)
. We define

a symmetric bilinear form on On by

〈x,y〉=
n

∑
i=1

Tr
(

xiyi

p

)
.

Let us define x · y = x1y1 + . . .+ xnyn, x · y = x1y1 + . . .+ xnyn. Then

x · y ≡ x · y (mod P),

since, for any α ∈O, one has α ≡ α (mod P) (for proving this it suffices to consider the
case α = ζ i). Now assume that ρ(x), ρ(y) ∈C. Then

0 ≡ x · y ≡ x · y (mod P).

By Sect. 5.1, this implies that

〈x,y〉 ∈ Z,

〈x,x〉 ∈ 2Z,

for all x, y ∈ ΓC ⊂On. Therefore the lattice ΓC is an even integral lattice of rank n(p−1).

By Sect. 5.1 the bilinear form 〈 , 〉 on On has determinant
(

1
p

)n
. Since ρ is surjective,

ρ−1(C) has index pn−m in On, where m = dimC. Therefore the discriminant of the lattice
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ΓC is
disc (ΓC) = pn−2m.

Lemma 5.5. Let C ⊂ Fn
p be a linear code of dimension m with C ⊂C⊥. Then

Γ ∗
C = ΓC⊥ .

Proof. Let x ∈ ΓC, y ∈ ΓC⊥ . Then ρ(x) ∈ C, ρ(y) ∈ C⊥, and we have ρ(x) · ρ(y) ≡
0 (mod p). Therefore x · y ∈P, and hence 〈x,y〉 ∈ Z. This proves ΓC⊥ ⊂ Γ ∗

C .
Now

μ = vol (Rn(p−1)/ΓC) = p
n
2−m.

Since C⊥ has dimension n−m, we have

disc (ΓC⊥) = pn−2(n−m) = p2m−n,

and hence
vol (Rn(p−1)/ΓC⊥) = pm− n

2 =
1
μ
.

This implies that ΓC⊥ = Γ ∗
C . This proves Lemma 5.5. �


Putting everything together we get:

Proposition 5.2. Let C ⊂ Fn
p be a linear code of dimension m with C ⊂ C⊥. Then the

lattice ΓC, provided with the symmetric bilinear form 〈x,y〉 =
n
∑

i=1
Tr
(

xiyi
p

)
, is an even

integral lattice of rank n(p − 1) and discriminant pn−2m. If C is self-dual, then ΓC is
unimodular.

Corollary 5.1. If C is a self-dual code over Fp, then n(p−1)≡ 0 (mod 8).

Proof. This follows from Proposition 5.2 and Theorem 2.1. �

Note that the lattice ΓC contains the root lattice nAp−1, since Pn ⊂ ΓC.

Remark 5.3 Let Γ ⊂Rl be an irreducible root lattice. Then the root lattices Λ of maximal
dimension l contained in Γ can be obtained by the following algorithm, due to A. Borel
and J. de Siebenthal [3]. Consider the extended Coxeter-Dynkin diagram corresponding
to Γ (cf. Sect. 1.5). Remove one vertex from this diagram. Then the remaining graph de-
scribes a root lattice of dimension l contained in Γ , and all such root lattices are obtained
in this way by repeating this process an appropriate number of times. One gets Table 5.1
of inclusions of root lattices which is adopted from the paper of Borel and de Siebenthal
[3]. Here D2 = A1 ⊥ A1, D3 = A3. Note that we have already considered a special case
of these inclusions, namely the case lA1 ⊂ Γ in Proposition 1.5. Concerning the inclu-
sions nAp−1 ⊂ Γ , n(p− 1) = l, p an odd prime number, we get from this table the only
inclusions

3A2 ⊂ E6,

4A2 ⊂ E8,

2A4 ⊂ E8.
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Table 5.1 Maximal root sublattices of the irreducible root lattices

Γ maximal root sublattice

Al —
Dl Di ⊥ Dl−i (i = 2, 3, . . . , l −2)
E6 A1 ⊥ A5, A2 ⊥ A2 ⊥ A2
E7 A1 ⊥ D6, A7, A2 ⊥ A5
E8 D8, A1 ⊥ E7, A8, A2 ⊥ E6, A4 ⊥ A4

We may try to find a linear code C ⊂ Fn
p with ΓC = Γ in each of these cases.

Example 5.1 Consider the ternary linear code

C = {(0,0,0), (1,1,1), (−1,−1,−1)} ⊂ F3
3.

This is a one-dimensional code with C ⊂ C⊥. Therefore the lattice ΓC is defined; it is an
even lattice of rank 6 and discriminant 3. Since it contains the root lattice 3A2, but also
roots not contained in this sublattice, e.g. (1,1,1) ∈O3, it contains the root lattice E6 by
the above remark. Since this is a lattice of the same rank and discriminant, ΓC is equal to
E6.

Example 5.2 Consider the linear code C ⊂ F4
3 with the generator matrix(

1 1 1 0
1 2 0 1

)
.

This code is self-dual. Therefore the lattice ΓC is an even unimodular lattice of rank 8,
thus equal to E8.

Example 5.3 Consider the linear code

C = {(0,0), (1,2), (2,−1), (−2,1), (−1,−2)} ⊂ F2
5.

This is also a self-dual code. Again the lattice ΓC is an even unimodular lattice of rank 8,
thus ΓC = E8.

Exercise 5.1 In each of the above examples, determine the roots in ΓC.

For the dimension 24 = n(p−1) the prime numbers p = 3, 5, 7, 13 are interesting.
For p = 3 consider the linear code C1 ⊂ F12

3 defined by the generator matrix⎛⎜⎜⎜⎜⎜⎜⎝
1 0 0 0 0 0 0 1 1 1 1 1
0 1 0 0 0 0 1 0 1 2 2 1
0 0 1 0 0 0 1 1 0 1 2 2
0 0 0 1 0 0 1 2 1 0 1 2
0 0 0 0 1 0 1 2 2 1 0 1
0 0 0 0 0 1 1 1 2 2 1 0

⎞⎟⎟⎟⎟⎟⎟⎠ .
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This is a [12,6]-code. One can show that C1 ⊂C⊥
1 . One can either check this directly (te-

dious) or apply [56, (1.3.8)]. Therefore C1 is a self-dual code which is called the extended
ternary Golay code. Its minimum weight is 6. Therefore ΓC1 is an even unimodular lattice
of rank 24 containing the root lattice 12A2 but no other roots.

The code C1 has 132 pairs of codewords of weight 6 equivalent under multiplication by
−1. These are 132 6-subsets of a 12-set. They form a Steiner system S(5,6,12) which can
be shown to be unique up to permutations. From this it follows that the extended ternary
Golay code is unique up to equivalence under the symmetric group. The automorphism
group of the Steiner system S(5,6,12) is the Mathieu group M12. Therefore the automor-
phism group of the extended ternary Golay code is the semi-direct product of M12 and the
group Z2, acting by multiplication by −1 (see [66, Chap. 20]).

Now consider the code C2 ⊂ F12
3 defined by the generator matrix⎛⎜⎜⎜⎜⎜⎜⎝

111 000 000 000
000 111 000 000
000 000 111 000
000 000 000 111
120 120 120 000
000 021 012 012

⎞⎟⎟⎟⎟⎟⎟⎠ .

This is a [12,6]-code, too. One easily checks that C2 ⊂C⊥
2 , hence C2 is self-dual. By Ex-

ample 5.1 the lattice ΓC2 contains the root lattice 4E6. Therefore ΓC2 is an even unimodular
lattice of rank 24 containing 4E6.

For p = 5 let C ⊂ F6
5 be the linear code defined by the generator matrix⎛⎝ 0 0 1 1 2 −2

2 −2 0 0 1 1
1 1 2 −2 0 0

⎞⎠ .

Then the lattice ΓC is an even unimodular lattice of rank 24 containing 6A4.
For p = 7 we consider the linear code C ⊂ F4

7 with the generator matrix(
1 2 3 0
0 3 −2 1

)
.

The lattice ΓC is an even unimodular lattice of rank 24 containing 4A6.
For p = 13 let C ⊂ F2

13 be the linear code generated by the vector (1,5). The lattice ΓC
is an even unimodular lattice of rank 24 containing 2A12.

Summarizing we have shown the existence of the 5 Niemeier lattices with root lattices

12A2, 4E6, 6A4, 4A6, 2A12.

One can show that all the self-dual codes needed to construct these lattices are unique
up to equivalence. By Corollary 3.6 the corresponding lattices are therefore unique up to
isomorphism.



5.3 Theta Functions over Number Fields 131

Combining these results with Corollary 3.7 we have proved Theorem 3.4 for 14 of the
24 cases.

5.3 Theta Functions over Number Fields

We shall associate a theta function to the lattice ΓC. This will be a function from the prod-
uct of p−1

2 upper half planes H to C, as studied, for example, by H. D. Kloosterman [43]
and M. Eichler [24].

Let us first consider the case Γ = Ap−1 ⊂ Rp−1, where p is an odd prime number
as before. Then Γ ∗/Γ = Z/pZ. Let ρ ∈ Γ ∗. In Sect. 3.1 we have considered the theta
function

ϑρ+Γ (z) := ∑
x∈ρ+Γ

eπizx2
, z ∈H.

It was shown that ϑρ+Γ depends only on ρ ∈ Γ ∗/Γ and does not change under the sub-
stitution ρ �→ −ρ . The lattice Ap−1 has level N = p. So Theorem 3.2 yields in this case

ϑρ+Γ
( az+b

cz+d

)
= (cz+d)

p−1
2 ϑρ+Γ (z) for

(
a b
c d

)
∈ Γ (p),

ϑΓ
( az+b

cz+d

)
= (cz+d)

p−1
2

(
d
p

)
ϑΓ (z) for

(
a b
c d

)
∈ Γ0(p),

where for the second identity we use(
Δ
d

)
=

(
(−1)(p−1)/2 p

d

)
=

(
d
p

)
by the quadratic reciprocity law (cf. [81]). Since Γ ∗/Γ = Z/pZ, we have to consider
ρ = 0, 1, . . . , p−1

2 . Hence we get p−1
2 +1 theta functions

ϑ j := ϑ j+Γ , for j = 0, 1, . . . ,
p−1

2
.

For our purposes it is not sufficient to consider these theta functions of one variable. We
shall now introduce appropriate generalized theta functions of several variables. Consider
again the field K =Q(ζ ) where ζ = e2πi/p. Let k =Q(ζ +ζ−1) be the real subfield. Let
O be the ring of integers in K, and let P be the principal ideal of O generated by the
element 1− ζ . By Lemma 5.4 we can identify the lattice Γ with the lattice P provided
with the symmetric bilinear form 〈x,y〉 = TrK/Q

(
xy
p

)
, and the dual lattice Γ ∗ with O.

Then

ϑ j(z) = ∑
x∈P+ j

eπizTrK/Q

(
xx
p

)
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= ∑
x∈P+ j

e2πizTrk/Q

(
xx
p

)

for j = 0, 1, . . . , p−1
2 , by Remark 5.1.

Since k is the real subfield of K and [k : Q] = p−1
2 , there exist exactly p−1

2 distinct
real embeddings σl : k → R, l = 1, . . . , p−1

2 . Each of these σl is of the form ζ + ζ−1 �→
ζ a + ζ−a for a suitable integer a. In particular, one has σl(k) = k. Hence the σl form
a group (with respect to composition), the Galois group of k over Q. We denote it by
Gal(k,Q). Consider the product

H
p−1

2 =H× . . .×H ((p−1)/2 times)

of p−1
2 upper half planes. Let z = (z1, . . . ,z(p−1)/2) be a point of H(p−1)/2. We define the

theta function θ j(z) depending on p−1
2 variables zl ∈H by

θ j(z) := ∑
x∈P+ j

e2πiTrk/Q

(
z xx

p

)
,

where

Trk/Q

(
z

xx
p

)
:=

(p−1)/2

∑
l=1

zl · σl(xx)
p

.

Setting all variables zl equal to one variable zm yields the old function ϑ j. The function
θ j is holomorphic in z ∈H(p−1)/2.

Let Ok be the ring of integers in k. The group SL2(Ok) is the group of all 2×2-matrices(
α β
γ δ

)
with entries α, β , γ, δ ∈Ok and with determinant αδ −βγ = 1. This group operates on
H(p−1)/2 by

z �−→ αz+β
γz+δ

, zl �−→ σl(α)zl +σl(β )
σl(γ)zl +σl(δ )

, l = 1, . . . ,
p−1

2
.

The norm Nk/Q(α) of an element α ∈ k over Q is defined by

Nk/Q(α) :=
(p−1)/2

∏
l=1

σl(α).

For z ∈H(p−1)/2, γ, δ ∈Ok, we define

Nk/Q(γz+δ ) :=
(p−1)/2

∏
l=1

(σl(γ)zl +σl(δ )) .
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For σ ∈ Gal(k,Q) we set σ(z) = (zε(1), . . . ,zε( p−1
2 )

), where ε denotes that permutation of

the indices 1, . . . , p−1
2 such that σl ◦σ = σε(l) for 1 ≤ l ≤ p−1

2 . Finally let Γ be a subgroup
of SL2(Ok).

Definition. A holomorphic function f : H(p−1)/2 →C is called a Hilbert modular form of
weight m for Γ , if

f
(

αz+β
γz+δ

)
= f (z) ·Nk/Q(γz+δ )m for all

(
α β
γ δ

)
∈ Γ .

It is called symmetric, if f (σ(z)) = f (z) for all σ ∈ Gal(k,Q).

The condition of holomorphicity at the cusps is superfluous for p > 3, see [26, p. 18].
For a recent account on Hilbert modular forms see also [25].

Let p be the ideal p :=P∩Ok of Ok where Ok denotes the ring of integers of k. Then

p= (ζ +ζ−1 −2) =
(
(ζ −1)(ζ−1 −1)

)
.

By Lemma 5.3 we have
p

p−1
2 = (p).

Analogously to Sect. 3.1 we define

Γ (p) :=
{(

α β
γ δ

)
∈ SL2(Ok)

∣∣∣∣ α ≡ δ ≡ 1 (mod p),
β ≡ γ ≡ 0 (mod p)

}
,

Γ0(p) :=
{(

α β
γ δ

)
∈ SL2(Ok)

∣∣∣∣ γ ≡ 0 (mod p)

}
.

Then we have the following result.

Theorem 5.1. The function θ j , j = 0, 1, . . . , p−1
2 , is a Hilbert modular form of weight 1

for the group Γ (p). Moreover one has

θ0

(
αz+β
γz+δ

)
= θ0(z) ·

(
δ
p

)
·Nk/Q(γz+δ ) for all

(
α β
γ δ

)
∈ Γ0(p).

Now let C ⊂ Fn
p be a self-dual code. By Corollary 5.1 we have n(p−1)≡ 0 (mod 8).

Let ΓC be the lattice constructed from C in Sect. 5.2. Then ΓC is an even unimodular lattice
of rank n(p− 1). By the definition of the symmetric bilinear form on ΓC, the usual theta
function of the lattice ΓC is the function

ϑC(z) = ∑
x∈ΓC

e2πizTrk/Q

(
xx
p

)
, where z ∈H.

This is a modular form in one variable z ∈H. Now ΓC is not only a Z-module, but also an
Ok-module. As above we can define a theta function in several variables. For z ∈H(p−1)/2

define
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θC(z) := ∑
x∈ΓC

e2πiTrk/Q

(
z xx

p

)
.

Theorem 5.2. The function θC is a Hilbert modular form of weight n for the whole group
SL2(Ok).

The proofs of Theorem 5.1 and Theorem 5.2 will be given in Sect. 5.7.

Remark 5.4 The Hilbert modular forms θ j and θC are symmetric (in the sense of the
definition above). This is due to the fact that the lattices P and ΓC are invariant under the
obvious action of the Galois group of Q(ζ ) over Q.

The Lee weight enumerator of a code C ⊂ Fn
p is the polynomial

WC

(
X0, X1, . . . , X p−1

2

)
:= ∑

u∈C
Xl0(u)

0 Xl1(u)
1 . . .X

l(p−1)/2(u)
p−1

2
,

where l0(u) is the number of zeros in u, and li(u), for i = 1, . . . , p−1
2 , is the number of +i

or −i occurring in the codeword u. This is a homogeneous polynomial of degree n.
We can now formulate the main theorem of G. van der Geer and F. Hirzebruch.

Theorem 5.3 (van der Geer, Hirzebruch, Theorem of Alpbach1). Let C ⊂ Fn
p be a

linear code with C ⊂C⊥. Then the following identity holds:

θC =WC

(
θ0, θ1, . . . , θ p−1

2

)
.

Proof. Let c be a codeword of C. Then

∑
x∈ρ−1(c)

e2πiTrk/Q

(
z xx

p

)
= θ l0(c)

0 (z)θ l1(c)
1 (z) . . .θ

l(p−1)/2(c)
p−1

2
(z),

since

θ j(z) = ∑
x∈P+ j

e2πiTrk/Q

(
z xx

p

)
= ∑

x∈P− j
e2πiTrk/Q

(
z xx

p

)

and ρ(P± j) =± j ∈ Fp. Summing over all codewords in C yields Theorem 5.3. �

A similar relation between the complete weight enumerator of a linear code C ⊂ Fn

p

with C ⊂C⊥ and certain Jacobi forms over the field Q(ζ +ζ−1) was recently obtained in
[10].

We shall now give applications of the results of this section.

1 Van der Geer and Hirzebruch like to call this theorem the Theorem of Alpbach because it was found
during their summer school on coding theory in 1985 in Alpbach in the Austrian alps.
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5.4 The Case p = 3: Ternary Codes

In this section we consider the case p = 3. In this case C is a ternary linear code. The field
K is the field Q(ζ ), where

ζ = e2πi/3 =−1
2
+

1
2

√−3.

The real subfield k = Q(ζ + ζ−1) of K is equal to Q. The Hilbert modular forms are
therefore usual modular forms. Theorem 5.3 reads as follows:

WC(θ0,θ1) = θC.

We consider the functions θ0 and θ1. The lattice P is isomorphic to A2 (Lemma 5.4).
The lattice A2 is the Z-module Z2 with the quadratic form

(x,y)2 = 2x2 −2xy+2y2.

Therefore

θ0(z) = ∑
(x,y)∈Z2

eπiz(2x2−2xy+2y2)

= ∑
(x,y)∈Z2

qx2−xy+y2
,

with q = e2πiz. From this formula, one easily computes that the expansion of θ0 in q starts
as follows (cf. [21, p. 111]):

θ0(z) = 1+6
(
q+q3 +q4 +2q7 +q9 +q12 +2q13 + . . .

)
.

Similarly one can compute

θ1(z) = q
1
3 ∑
(x,y)∈Z2

qx2−xy+y2+x−y

= 3q
1
3
(
1+q+2q2 +2q4 + . . .

)
.

The functions θ0 and θ1 are modular forms of weight 1 for the group

Γ (3) =
{(

a b
c d

)
∈ SL2(Z)

∣∣∣∣ a ≡ d ≡ 1 (mod 3),
b ≡ c ≡ 0 (mod 3)

}
(Theorem 5.1). Then one has the following general result. Let N be a positive integer, and
let φ : Z→ Z/NZ be the reduction modulo N. Then there is an induced homomorphism

ϕ̃ : SL2(Z)−→ SL2(Z/NZ).
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The principal congruence subgroup Γ (N) of level N is the kernel of this map and therefore
a normal subgroup of SL2(Z).

Proposition 5.3. The mapping ϕ̃ is surjective.

Proof. Let
(

a b
c d

)
, ad − bc ≡ 1 (mod N), represent a matrix in SL2(Z/NZ). We can

write the determinant condition in the form ad −bc−mN = 1 for some integer m, hence
(c,d,N) = 1. We can therefore find an integer k such that (c, d+kN) = 1 (exercise!), and
can thus assume that (c,d) = 1. Therefore there exist integers e, f such that m = f c−ed.
Then the matrix (

a+ eN b+ f N
c d

)
is a matrix in SL2(Z) representing the given matrix in SL2(Z/NZ). This proves Proposi-
tion 5.3. �


For N = 3 the image of the mapping ϕ̃ is the group SL2(F3), so

SL2(F3) = SL2(Z)/Γ (3).

The group PSL2(F3) ∼= SL2(F3)/{±1} is isomorphic to the alternating group A4, since
PSL2(F3) acts on the projective line over F3 preserving the cross ratio of the four points.
The group A4 is also isomorphic to the symmetry group of a tetrahedron. This is a sub-
group of SO3(R) consisting of 12 elements.

Consider the group SU2(C). This group is isomorphic to the three-dimensional sphere
S3, which can also be identified with the quaternions of absolute value 1. There is a map-
ping

S3 −→ SO3(R)

sending a quaternion q ∈ S3 to the rotation

x �−→ qxq−1, x ∈ R3,

where R3 is identified with the purely imaginary quaternions. This mapping is a surjective
homomorphism, its kernel is {±1}, so

SO3(R) = S3/{±1}.

The preimage Ã4 ⊂ SU2(C)∼= S3 of the symmetry group of the tetrahedron A4 ⊂ SO3(R)
is called the binary tetrahedral group; it has 24 elements. The group SL2(F3) is isomor-
phic to the binary tetrahedral group Ã4 ⊂ SU2(C).

The functions θ0 and θ1 are modular forms of weight 1 for Γ (3). In fact they form a
basis of all modular forms of weight 1 for Γ (3). Moreover, the functions

θ k
0 , θ k−1

0 θ1, . . . ,θ0θ k−1
1 , θ k

1

form a basis of all modular forms of weight k for Γ (3). One has
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Theorem 5.4. The algebra of all modular forms for the group Γ (3) is isomorphic to the
polynomial algebra C[θ0, θ1].

Proof. The dimension of the space of modular forms of weight k for Γ (3) can be derived
by similar arguments as in Sect. 2.6, see [28, §8].

The Eisenstein series E4 is the theta function of the unimodular E8-lattice. We have
seen in Example 5.2 that the lattice E8 can be constructed as the lattice ΓC for a ternary
self-dual code C of length 4. This code C has weight enumerator

X4
0 +8X0X3

1 .

By Theorem 5.3 we get
E4 = θ 4

0 +8θ0θ 3
1 .

This implies that θ0 and θ1 cannot be linearly dependent. For otherwise, E4 would be a
complex multiple of θ 4

1 . But this is impossible because θ 4
1 is not a modular form, since

θ 4
1 = q

1
3 f (q),

where f (q) is a power series in q.
We shall see below (see the proof of Proposition 5.4) that

Δ =
1

1728
(E3

4 −E2
6 ) =− 43

1728
(θ 4

1 −θ 3
0 θ1)

3.

Now the algebra of modular forms of weight divisible by 4 is the polynomial algebra
C[E4,Δ ]. Therefore θ0 and θ1 are also algebraically independent. This proves Theo-
rem 5.4. �


The group SL2(Z) acts on the space of modular forms of weight 1 for Γ (3) as follows.
Let (

a b
c d

)
∈ SL2(Z),

and let θ be a modular form of weight 1 for Γ (3). Then

θ
(

az+b
cz+d

)
(cz+d)−1

is again a modular form of weight 1 for Γ (3). The group Γ (3) acts trivially. So SL2(F3)
acts on the space of modular forms of weight 1 for Γ (3), hence, by Theorem 5.4, on
C ·θ0 ⊕C ·θ1. It follows that SL2(F3) acts on C[θ0, θ1] preserving the grading.

The generators S and T of SL2(Z) act as follows. By definition of θ0 and θ1 and by
Formula (T2) of Sect. 3.1, we have

θ0

(
−1

z

)
=

z
i
√

3
(θ0(z)+2θ1(z)),

θ1

(
−1

z

)
=

z
i
√

3
(θ0(z)−θ1(z)).
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Hence S acts on C ·θ0 +C ·θ1 by the linear mapping defined by

1
i
√

3

(
1 2
1 −1

)
.

By Formula (T1) of Sect. 3.1, we have

θ0(z+1) = θ0(z),

θ1(z+1) = e
2πi
3 θ1(z).

Therefore T acts on C ·θ0 +C ·θ1 by the matrix(
1 0
0 e

2πi
3

)
.

The modular group is the group G = SL2(Z)/{±1}. It acts on the upper half plane H

without fixed points. In Sect. 2.6 we have already remarked that one can compactify H/G
by adding a point at ∞ to get a Riemann surface H/G which is isomorphic to P1(C). An
isomorphism

j : H/G
∼=−→ P1(C)

is given by the j-invariant:

j =
E3

4
Δ

, Δ =
1

1728
(E3

4 −E2
6 ).

The mapping j sends ∞ to ∞, and maps H/G bijectively onto C.
Now consider Γ (3) ⊂ SL2(Z). We have seen that SL2(Z)/Γ (3) is the binary tetra-

hedral group. Since −1 /∈ Γ (3), we may assume Γ (3) ⊂ G. The group G/Γ (3) is the
tetrahedral group. The theta functions θ0, θ1 define a mapping

θ0

θ1
: H/Γ (3)−→ P1(C).

This mapping is a bijection. The group G/Γ (3) acts on H/Γ (3). Under the above map-
ping this action corresponds to the action of the tetrahedral group on a tetrahedron lying
inside the Riemann sphere P1(C) as we shall see in a moment.

We have seen above that SL2(F3) acts on the polynomial algebra C[θ0,θ1]. The ring
of invariant polynomials under this action is denoted by

C [θ0,θ1]
SL2 (F3) .

Proposition 5.4. C [θ0,θ1]
SL2 (F3) = C [E4,E6] .

Proof. In the proof of Theorem 5.4, we have seen that

E4 = θ 4
0 +8θ0θ 3

1 .
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This homogeneous polynomial in θ0 and θ1 has 4 zeros in P1(C). Let us consider a sphere
S2 in R3 around the origin of radius

√
2 and the projection from the origin to the sphere

S2 of a tetrahedron which is inscribed in this sphere with the south pole as one vertex.
We identify S2 with P1(C) =C∪{∞} under the stereographical projection from the north
pole to the equatorial plane (cf. Fig. 5.1). The image of the tetrahedron under the stereo-
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Fig. 5.1 Stereographical projection of S2 to C∪{∞}

graphical projection is illustrated in Fig. 5.2. Let the homogeneous coordinates of P1(C)
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Fig. 5.2 Stereographical projection of the tetrahedron

be (θ0 : θ1) with ∞ = (1 : 0). Then the zeros of the homogeneous polynomial θ 4
0 +8θ0θ 3

1
are just the vertices of this tetrahedron under this identification.
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The action of G/Γ (3) on P1(C) is the action of the symmetry group of this tetrahedron.
Another system of 4 points invariant under this group are the midpoints of the faces of

the tetrahedron. They are zeros of the homogeneous polynomial

θ 4
1 −θ 3

0 θ1.

But this is not a modular form, since it is equal to q1/3 times a power series in q. But(
θ 4

1 −θ 3
0 θ1

)3

is a modular form of weight 12 for the whole group G = SL2(Z)/{±1}. It is a cusp form,
so it has to be a multiple of Δ . By comparing coefficients, one can show that(

θ 4
1 −θ 3

0 θ1
)3

=− 1
43

(
E3

4 −E2
6
)
.

In particular one can deduce from this formula and the formula which expresses E4 in
terms of θ0 and θ1 that

E6 = θ 6
0 −20θ 3

0 θ 3
1 −8θ 6

1 .

The zeros of E6 in P1(C) correspond to the midpoints of the edges of the tetrahedron.
This proves Proposition 5.4. �

Theorem 5.5 (MacWilliams identity for ternary codes). Let C ⊂ Fn

3 be a ternary linear
code of dimension m with C ⊂C⊥. Then

WC⊥(X ,Y ) =
1

3m WC(X +2Y,X −Y ).

Proof. The assumption C ⊂C⊥ is unnecessary and the theorem can be proved within the
framework of coding theory without this assumption, see [56, Theorem (3.5.3)]. However,
as in the case of binary codes (Theorem 2.7), we again give a proof using modular forms.
In order to be able to apply Theorem 5.3, we need the assumption C ⊂C⊥.

By Theorem 5.3 we have

WC

(
θ0

(
−1

z

)
,θ1

(
−1

z

))
= θC

(
−1

z

)
=

( z
i

)n 1
vol (Rn/ΓC)

ϑΓ ∗
C
(z) (by Proposition 2.1)

=
( z

i

)n 1
3

n
2−m ϑΓC⊥ (z) (by Lemma 5.5)

=
( z

i

)n 1
3

n
2−m

WC⊥(θ0(z),θ1(z)).

On the other hand we have
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WC

(
θ0

(
−1

z

)
,θ1

(
−1

z

))
=
( z

i

)n 1
3

n
2

WC(θ0(z)+2θ1(z),θ0(z)−θ1(z)).

Hence we get

WC⊥(θ0,θ1) =
1

3m WC(θ0 +2θ1,θ0 −θ1).

By Theorem 5.4, θ0 and θ1 are algebraically independent. This concludes the proof of
Theorem 5.5. �


From Theorem 5.5 we immediately get the following corollary.

Corollary 5.2. If C ⊂ Fn
3 is a self-dual code, then the Hamming weight enumerator

WC(X ,Y ) is invariant under the transformation

1√
3

(
1 2
1 −1

)
in the (X ,Y )-plane.

We also get the following corollary proved by M. Broué and M. Enguehard [4].

Corollary 5.3 (Broué, Enguehard). The Lee or Hamming weight enumerator of a self-
dual ternary code is a polynomial in the modular forms E4 and E2

6 .

Proof. Let WC be the Lee or Hamming weight enumerator of a self-dual ternary code
C ⊂ Fn

3. By Corollary 5.1, n is divisible by 4. We have to show that

WC(θ0,θ1) ∈ C[θ0,θ1]
SL2 (F3)

Then the corollary follows from Proposition 5.4 and the fact that n is divisible by 4.
We have seen above that the action of S on C[θ0,θ1] is given by the matrix

1
i
√

3

(
1 2
1 −1

)
.

Using the fact that n is divisible by 4 and Corollary 5.2, we see that WC(θ0,θ1) is invariant
under S. The action of the generator T on C[θ0,θ1] is given by the matrix(

1 0
0 e

2πi
3

)
.

Since C is self-dual, the weight of every codeword is divisible by 3. Therefore θ1 occurs
in each monomial in WC(θ0,θ1) with a power divisible by 3. This shows that WC(θ0,θ1)
is also invariant under T . We conclude that WC(θ0,θ1) is invariant under the action of
SL2(F3). This proves Corollary 5.3. �

Example 5.4 Let us now consider the case n = 12. Let C ⊂ F12

3 be a self-dual code of
length 12. By Proposition 5.4 and Corollary 5.3 the weight enumerator of C has the form
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θ 4

0 +8θ0θ 3
1
)3

+a
(
θ 4

1 −θ 3
0 θ1

)3
.

Since C is self-dual, the weight of every codeword is divisible by 3. We now ask for a
linear code C with no codewords of weight 3. For such a code the coefficient of θ 9

0 θ 3
1

must be zero. This implies that
3 ·8−a = 0,

hence a = 24. Thus the weight enumerator of such a code is the polynomial

WC(X0,X1) = X12
0 +264X6

0 X6
1 +440X3

0 X9
1 +24X12

1 .

Its expression in E4 and E2
6 is

WC =
5
8

E3
4 +

3
8

E2
6 .

In fact, such a code exists: It is the extended ternary Golay code introduced in Sect. 5.2.

5.5 The Equation of the Tetrahedron and the Cube

We have seen in the proof of Proposition 5.4 that

θ 4
0 +8θ0θ 3

1 = E4,(
θ 4

1 −θ 3
0 θ1

)3
= − 1

43

(
E3

4 −E2
6
)
,

θ 6
0 −20θ 3

0 θ 3
1 −8θ 6

1 = E6.

The zeros of the homogeneous polynomial eT := θ 4
0 + 8θ0θ 3

1 in P1(C) are the ver-
tices of a tetrahedron as explained above. The zeros of the homogeneous polynomial
fT := 4

(
θ 4

1 −θ 3
0 θ1

)
are the midpoints of the faces of this tetrahedron, the zeros of the

homogeneous polynomial kT := θ 6
0 −20θ 3

0 θ 3
1 −8θ 6

1 are the midpoints of the edges of this
tetrahedron (always projected from the origin in R3 to the sphere S2). We have the relation

e3
T + f 3

T = k2
T

This identity is called the tetrahedral equation (cf. also [92]).
Now there are two tetrahedra in a cube, as shown in Fig. 5.3. The homogeneous poly-

nomials eT = θ 4
0 +8θ0θ 3

1 and fT = 4
(
θ 4

1 −θ 3
0 θ1

)
are transformed into each other by the

matrix (
0

√
2

− 1√
2

0

)
.

This transformation extends the symmetry group of the tetrahedron G/Γ (3) to the sym-
metry group of the cube. The zeros of eT are vertices of one of the two tetrahedra in the
cube, the zeros of fT , which correspond to the midpoints of the faces of this tetrahedron,
are the vertices of the other tetrahedron. So the 8 zeros of
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Fig. 5.3 The two tetrahedra in a cube

eC := eT · fT

are the vertices of the cube. The zeros of

fC := kT = E6

are the midpoints of the 6 faces of the cube. The polynomial

kC := e3
T − f 3

T

is also invariant under the symmetry group of the cube. Its zeros are the midpoints of the
12 edges of the cube. By the tetrahedral equation we have

f 4
C =

(
e3

T + f 3
T
)2

=
(
e3

T − f 3
T
)2

+4e3
T f 3

T

= k2
C +4e3

C

This yields the equation
f 4
C = k2

C +4e3
C,

which is called the equation of the cube.
This equation can also be obtained in another way. Once again we consider the binary

case, i.e., the case p = 2. In Sect. 2.9 we considered two functions A and B defined by

A = ∑
x∈2Z

qx2/4, q = e2πiz,

B = ∑
x∈2Z+1

qx2/4.

They played the roles of θ0 and θ1 in the binary case (cf. Proposition 2.11), and we saw
that

E4 = A8 +14A4B4 +B8.
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They are not usual modular forms, but they are modular forms of half-integral weight for
Γ (4). In fact A and B are modular forms of weight 1

2 for the subgroup Γ (4)⊂ SL2(Z). We
have Γ (4)⊂ G, and G/Γ (4) is isomorphic to the symmetry group of a cube. Analogously
to the case Γ (3), the group SL2(Z)/Γ (4) is the binary cube group. The functions A, B
define a mapping

A
B

: H/Γ (4)−→ P1(C).

This mapping is again a bijection. The action of the group G/Γ (4) on H/Γ (4) corre-
sponds to the action of the cube group on a cube lying inside S2 = P1(C).

Let S2 be the unit sphere in R3 around the origin and consider a cube inscribed in S2

with faces perpendicular to the coordinate axes. Consider the projection of this cube to the
sphere S2 from the origin. Again we identify this sphere with P1(C) by the stereographical
projection from the north pole to the equatorial plane. The homogeneous coordinates
of P1(C) are now denoted by (A : B) with ∞ = (1 : 0). The homogeneous polynomial
e := E4 = A8 +14A4B4 +B8 in the variables A and B has 8 zeros in P1(C) which are the
vertices of the cube, cf. Fig. 5.4.
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Fig. 5.4 Stereographical projection of a cube

The midpoints of the faces of this cube are given as the zeros of

f := AB
(
A4 −B4) .

We have seen in Sect. 2.9 that

f 4 = A4B4 (A4 −B4)4
=

16
1728

(
E3

4 −E2
6
)
.

Hence we get
108 f 4 = E3

4 −E2
6 = e3 − k2,
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with k := E6, as before. This is, up to coefficients, again the equation of the cube. We also
get

E6 = A12 −33A8B4 −33A4B8 +B12.

5.6 The Case p = 5: the Icosahedral Group

As a final application of Theorem 5.3, we consider the case p = 5. In this case, the field
k is the field Q(

√
5). The ring of integers Ok of k consists of all linear combinations

a0 +a1(1+
√

5)/2 with a0, a1 ∈ Z. The ideal p is the ideal generated by
√

5 in Ok. The
group Γ (p) is the group

Γ (p) =

{(
α β
γ δ

)
∈ SL2(Ok)

∣∣∣∣ α ≡ δ ≡ 1 (mod
√

5),
β ≡ γ ≡ 0 (mod

√
5)

}
.

Because −1 /∈ Γ (p), the subgroup Γ (p) can be regarded as a subgroup of the Hilbert
modular group G = SL2(Ok)/{±1} = PSL2(Ok). The group Γ (p) acts freely on H2.
The quotient H2/Γ (p) is called a Hilbert modular surface (see e.g. [33] and [26]). The
functions θ0,θ1, and θ2 defined in Sect. 5.3 are Hilbert modular forms of weight 1 for
Γ (p). They are symmetric, i.e., for all z1,z2 ∈H we have

θ j(z1,z2) = θ j(z2,z1) for j = 0, 1, 2.

The factor group G/Γ (p) is isomorphic to PSL2(F5) because Ok/p ∼= F5. The group
PSL2(F5) is isomorphic to the alternating group A5. This is the symmetry group I of the
icosahedron and acts on the six axes of the icosahedron through its vertices in the same
way as PSL2(F5) acts on the six points of the projective line P1(F5).

The icosahedral group I is a subgroup of SO3(R). It operates linearly on R3, where we
take as standard coordinates the coordinates x0, x1, x2, and thus also on P2(R) and P2(C).
We shall consider the action on P2(C). The invariant theory of this action was studied by
Felix Klein [40]. We describe some of his results, following [34].

The first invariant polynomial considered by Klein is the polynomial

A := x2
0 + x2

1 + x2
2,

which is invariant because it gives the equation of the sphere. This is an invariant polyno-
mial of degree 2. Klein uses coordinates

A0 = x0, A1 = x1 + ix2, A2 = x1 − ix2.

In these coordinates, A = A2
0 +A1A2, and this defines an invariant conic. The action of the

icosahedral group I on P2(C) has exactly 6 fixed points with an isotropy group of order 10.
These points are called poles. They correspond to the six pairs of opposite vertices of the
icosahedron. Klein puts the icosahedron in such a position that the six poles are given by
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Fig. 5.5 The icosahedron

(A0,A1,A2) =

(√
5

2
,0,0

)
,

(A0,A1,A2) =

(
1
2
,ζ ν ,ζ−ν

)
, ζ = e2πi/5, 0 ≤ ν ≤ 4.

The invariant curve A = 0 does not pass through the poles. Let B be a homogeneous poly-
nomial of degree 6 which vanishes in the poles. Let C be a homogeneous polynomial of
degree 10 which vanishes in the poles of higher order. Let D be a homogeneous polyno-
mial of degree 15 such that D = 0 is the union of the 15 lines connecting the six poles.
Such polynomials exist and are unique up to a constant factor. The zero sets of these poly-
nomials are complex-algebraic curves in P2(C). The curves B = 0, C = 0, and D = 0 pass
through the poles, and the poles are singular points of these curves. The singular point of
B = 0 in a pole is a so called ordinary double point. This means that the picture of a cor-
responding real curve in a neighbourhood of a pole looks as in Fig. 5.6. The curve C = 0

	
	
	
	
	
	�

�
�
�
�
�

Fig. 5.6 Singular point of B = 0 in a pole (ordinary double point)

has a double cusp with separate tangents in each pole, i.e., the picture of a corresponding
real curve in a neighbourhood of a pole looks as in Fig. 5.7. Klein gives explicit formulas
for the polynomials A, B,C, and D. They generate the ring of all polynomials invariant
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Fig. 5.7 Singular point of C = 0 in a pole (double cusp with separate tangents)

under I. We list Klein’s formulas:

A = A2
0 +A1A2,

B = 8A4
0A1A2 −2A2

0A2
1A2

2 +A3
1A3

2 −A0

(
A5

1 +A5
2

)
,

C = 320A6
0A2

1A2
2 −160A4

0A3
1A3

2 +20A2
0A4

1A4
2 +6A5

1A5
2

− 4A0

(
A5

1 +A5
2

)(
32A4

0 −20A2
0A1A2 +5A2

1A2
2
)
+A10

1 +A10
2 ,

12D =
(

A5
1 −A5

2

)
(−1024A10

0 +3840A8
0A1A2 −3840A6

0A2
1A2

2

+1200A4
0A3

1A3
2 −100A2

0A4
1A4

2 +A5
1A5

2)

+A0
(
A10

1 −A10
2
)(

352A4
0 −160A2

0A1A2 +10A2
1A2

2
)

+
(

A15
1 −A15

2

)
.

These polynomials satisfy a relation R(A,B,C,D) = 0. Here R(A,B,C,D) is given by

R(A,B,C,D) = −144D2 −1728B5 +720ACB3

−80A2C2B+64A3 (5B2 −AC
)2

+C3.

According to Klein we have the following theorem.

Theorem 5.6 (Klein).

C[A0,A1,A2]
I = C[A,B,C,D]/(R(A,B,C,D) = 0) .

The conic A = 0 is isomorphic to P1(C). When we restrict the action of I to the conic
A = 0, we get the action of the icosahedral group on S2 = P1(C). The curves B = 0, C = 0,
and D = 0 intersect A = 0 transversally in 12, 20, and 30 points respectively. These points
correspond to the 12 vertices, 20 midpoints of the faces, and 30 midpoints of the edges
of the icosahedron (always projected from the origin of R3 to S2). Putting A = 0 in the
relation R(A,B,C,D) = 0 gives the icosahedral equation ([42], [41], [92], [35])
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144k2
I =−1728e5

I + f 3
I ,

with kI = D, eI = B, and fI =C.

Remark 5.5 If we consider eI , kI , and fI as complex variables, then this equation defines
a hypersurface in C3 with an isolated singularity at the origin. In the same way the tetra-
hedral equation and the equation of the cube define isolated singularities of hypersurfaces
in C3. For more information about these singularities see e.g. [52].

Now Hirzebruch has proved the following theorem [34]:

Theorem 5.7 (Hirzebruch). The ring of symmetric Hilbert modular forms for Γ (p)
equals C[A0,A1,A2] where A0, A1, A2 have weight 1.

From Theorem 5.6 and Theorem 5.7 one gets the following corollary:

Corollary 5.4. The ring of symmetric Hilbert modular forms for SL2(Ok) of even weight
equals C[A,B,C].

Let C ⊂ F2
5 be the code of Example 5.3. This is a self-dual code. The Lee weight

enumerator of C is
WC(X0,X1,X2) = X2

0 +4X1X2.

By Theorem 5.3,
θC =WC(θ0,θ1,θ2) = θ 2

0 +4θ1θ2.

By Theorem 5.2, θC is a Hilbert modular form for SL2(Ok) of weight 2. By Remark 5.4,
it is symmetric. Therefore Corollary 5.4 implies that θC is a complex multiple of A. This
shows that θ0,θ1,θ2 form a basis of the vector space of symmetric Hilbert modular forms
for Γ (p) of weight 1.

Let

R =

(
α β
γ δ

)
∈ SL2(O),

and let θ be a symmetric Hilbert modular form of weight 1 for Γ (p). Then we set

(θ |1R)(z1,z2) := (σ1(γ)z1 +σ1(δ ))−1(σ2(γ)z2 +σ2(δ ))−1θ(σ1(R)z1,σ2(R)z2).

This is again a symmetric Hilbert modular form of weight 1 for Γ (p). This defines an
action of SL2(O) on the space of Hilbert modular forms for Γ (p) of weight 1, hence on
C · θ0 ⊕C · θ1 ⊕C · θ2. The group Γ (p) acts trivially. The action of R is described by a
3× 3 matrix R̃. By Formula (5.3) and Proposition 5.8 of Sect. 5.7 we get the following
matrices for the specific elements of SL2(O):

S̃ = |1
(

0 −1
1 0

)
=− 1√

5

⎛⎝ 1 2 2
1 ζ +ζ 4 ζ 2 +ζ 3

1 ζ 2 +ζ 3 ζ +ζ 4

⎞⎠ ,

T̃ = |1
(

1 1
0 1

)
=

⎛⎝ 1 0 0
0 ζ 2 0
0 0 ζ 3

⎞⎠ ,
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Ũ = |1
(

ζ +ζ−1 0
0 −ζ 2 −ζ−2

)
=−

⎛⎝1 0 0
0 0 1
0 1 0

⎞⎠ .

We denote by S,T ,U the images of S̃, T̃ ,Ũ respectively in G/Γ (p)∼= PSL2(F5) = I. Then
S, T and U generate the icosahedral group I, and this is the 3-dimensional representation
of I considered by Klein [40, p. 349] (cf. also [42, p. 213]). Therefore we see that

A0 = θ0, A1 = 2θ1, A2 = 2θ2.

Exercise 5.2 Let C ⊂ Fn
5 be a linear code with C ⊂ C⊥. Derive from Theorem 5.3 and

Proposition 5.7 the following identity for the Lee weight enumerator of C and C⊥:

WC⊥(X0,X1,X2) =
1

5m WC

⎛⎝ X0 +2X1 +2X2,
X0 +(ζ +ζ 4)X1 +(ζ 2 +ζ 3)X2,
X0 +(ζ 2 +ζ 3)X1 +(ζ +ζ 4)X2

⎞⎠
This is the MacWilliams identity for Lee weight enumerators of linear codes over F5 (cf.
Theorem 2.7, Theorem 5.5, and [66, Chap. 5, §6, Theorem 12]).

Exercise 5.3 Let C ⊂Fn
2 be a self-dual code. Using Exercise 5.2, show that the Lee weight

enumerator of C is invariant under the transformations S̃, T̃ , and Ũ of the (X0,X1,X2)-
space.

Putting everything together we get:

Corollary 5.5 (Gleason and Pierce; Sloane). The Lee weight enumerator of a self-dual
code over F5 is a polynomial in the Klein invariants A,B,C.

This corollary was first proved independently by A. M. Gleason and J. N. Pierce (un-
published) and N. J. A. Sloane (cf. [64]).

Example 5.5 Let C ⊂ F6
5 be the self-dual code with generator matrix⎛⎝ 0 0 1 1 2 −2

2 −2 0 0 1 1
1 1 2 −2 0 0

⎞⎠
considered in Sect. 5.3. By Corollary 5.5 the Lee weight enumerator of C has the form

A3 +aB

for some a ∈C. One can easily see that the coefficient of X0X5
1 is equal to 12. This implies

that
a =−3

8
.

Hence we obtain as the Lee weight enumerator of C:

WC(X0,X1,X2) = A3 − 3
8

B = X6
0 +12X0(X5

1 +X5
2 )+60X2

0 X2
1 X2

2 +40X3
1 X3

2 .
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5.7 Theta Functions as Hilbert Modular Forms (by N.-P. Skoruppa)

In this section we give the proofs of Theorem 5.1 and Theorem 5.2. We indicate how one
can verify that certain theta functions are Hilbert modular forms. The method is entirely
analogous to the method presented in Sect. 3.1 for theta functions of integral lattices. It
goes back to Hecke, Schoeneberg, Kloosterman (and other people). Here we consider the
case of a lattice over the integers of a totally real algebraic number field. It seems that this
case was first treated by M. Eichler [24]. We follow the note [83].

We start with some general remarks concerning lattices over integers of a totally real
algebraic number field. Let K be an algebraic number field of finite degree r = [K : Q].
Let σ1, . . . ,σr : K → C be the different embeddings of K into C with σ1 = id. Let y ∈ K.
Recall that

N(y) :=
r

∏
i=1

σi(y)

is the norm of y, and

Tr(y) :=
r

∑
i=1

σi(y)

is the trace of y. These are rational numbers. Let O be the ring of integers of K. A frac-
tional ideal in K is a finitely generated O-module in K. Let a and b be fractional ideals in
K. Then one defines their product a ·b as the O-submodule of K generated by all products
y · y′ where y ∈ a and y′ ∈ b. For a nonzero fractional ideal a we define

a−1 := {y ∈ K | ya⊂O} .

Then one can easily show that a−1 is again a fractional ideal, and that a ·a−1 =O. So the
nonzero fractional ideals in K form a group with respect to the above multiplication. The
neutral element is the ideal O.

It will follow from a more general result proved below that a fractional ideal is a free
Z-module of rank r.

For a fractional ideal a one defines the dual ideal a∗ as

a∗ := {y ∈ K | Tr(ya)⊂ Z} .

This is also a fractional ideal. In particular one can consider the fractional ideal D :=
(O∗)−1. It is integral, i.e., D ⊂O, as follows immediately from O∗ ⊃O. The ideal D is
called the different of K over Q.

Proposition 5.5. Let a be a fractional ideal. Then

a∗ =D−1a−1.

Proof. We have
Tr
(
D−1a−1a

)
= Tr(O∗O)⊂ Z,

whence D−1a−1 ⊂ a∗. For the converse, note that
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Tr(a∗aO)⊂ Z,

whence a∗a⊂O∗ =D−1. This proves the proposition. �

We now make the general assumption that K is totally real, i.e., σ j(K) ⊂ R for all

1 ≤ j ≤ r. We consider a vector space V over K of finite dimension n = dimK V provided
with a totally positive definite scalar product ” · ” (i.e., · : V ×V → K is a bilinear
symmetric mapping, and σ j(v · v)> 0 for all 1 ≤ j ≤ r and all v ∈V \{0}).

A K-lattice Γ in V is a finitely generated O-submodule Γ of V which contains a K-
basis of V .

Example 5.6 Let V = K and ” · ” be the multiplication in K. A nonzero fractional ideal
in K is a K-lattice in V .

Example 5.7 Let p be an odd prime number, ζ = e2πi/p. Let K =Q(ζ +ζ−1) and V :=
Q(ζ ). Then V is a 2-dimensional K-vector space. For v, w ∈V let

v ·w :=
vw+ vw

p
.

This defines a totally positive definite scalar product ” · ” on V . Let Γ be the principal
ideal of OV generated by the element 1−ζ ∈OV . Then Γ is a K-lattice in V .

More generally let V :=Q(ζ )n. Then V is a 2n-dimensional K-vector space. Define the
scalar product ” · ” on V as the sum of the scalar products of the individual coordinates as
defined before. This scalar product is totally positive definite. Let C ⊂ Fn

p be a self-dual
code, and let ΓC ⊂V be the lattice constructed from C in Sect. 5.2. Then ΓC is a K-lattice.

For a K-lattice Γ in V we define the dual lattice Γ ∗ by

Γ ∗ := {v ∈V | Tr(v ·Γ )⊂ Z} .

Proposition 5.6. (i) A K-lattice in V is a free Z-module of rank r ·n.
(ii) The set Γ ∗ is a K-lattice in V .

Proof. (i) A K-lattice in V is in any case a free Z-module of finite rank, since it is finitely
generated and torsion free. We show that any two K-lattices Γ1 and Γ2 in V are commensu-
rable, i.e., Γ1∩Γ2 has finite index in both Γ1 and Γ2. Let Γ1 and Γ2 be K-lattices in V . Then
there exists a number N ∈ Z, N > 0, such that NΓ1 ⊂ Γ2. For let Γ1 = Ov1 + . . .+Ovs,
Γ2 =Ow1 + . . .+Owt for appropriate v j, wk ∈V , where {v1, . . . ,vs} and {w1, . . . ,wt} are
K-bases of V . Then v j = ∑k y jkwk for appropriate y jk ∈ K. There exists N ∈Z, N > 0 with
Ny jk ∈O for all 1 ≤ j ≤ s, 1 ≤ k ≤ t. Thus Nv j ∈ Γ2 for all 1 ≤ j ≤ s, whence NΓ1 ⊂ Γ2.
Clearly [Γ1 : NΓ1] < ∞. Together with NΓ1 ⊂ Γ1 ∩Γ2 ⊂ Γ1, this implies [Γ1 : Γ1 ∩Γ2] < ∞.
Analogously, one can derive [Γ2 : Γ1 ∩Γ2]< ∞.

Since any two K-lattices in V are commensurable, each K-lattice in V is a free Z-
module of rank r · n, if only one K-lattice in V has this property. But evidently Γ :=
Ov1 + . . .+Ovn, where {v1, . . . ,vn} is a K-basis of V , has rank r · n, since O is a free
Z-module of rank r.

(ii) Obviously, Γ ∗ is an O-module. Write Γ = Ze1 + . . .+Zern, where {e1, . . . ,ern}
is a basis of V over Q. Then Γ ∗ = Ze∗1 + . . .+Ze∗rn where the e∗j are determined by the
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condition Tr
(

e∗j · ek

)
= δ jk (Kronecker symbol). Therefore Γ ∗ is finitely generated and

contains a basis of V over K. Hence Γ ∗ is a K-lattice in V . This concludes the proof of
Proposition 5.6. �


Let Γ be a K-lattice in V . Let {e1, . . . ,ern} be a Z-basis of Γ as in the proof of the
previous proposition. Then

Δ(Γ ) := det(Tr(ei · e j))

is called the discriminant of Γ . It does not depend on the choice of the basis {e1, . . . ,ern}.
We now fix a K-lattice Γ in V . For a given v0 ∈V we define the theta function

θv0+Γ (z1, . . . ,zr) := ∑
v∈v0+Γ

eπiTr(zv2),

where z1, . . .zr ∈H, and

Tr(zv2) :=
r

∑
j=1

z jσ j(v · v).

Proposition 5.7. The series θv0+Γ is absolutely uniformly convergent in each subset of Hr

of the form {(z1, . . . ,zr) ∈Hr | Im z j > y0 for 1 ≤ j ≤ n} (y0 ∈ R, y0 > 0). In particular
θv0+Γ is holomorphic in Hr. One has

θv0+Γ

(
− 1

z1
, . . . ,− 1

zr

)
=
( z1

i

)n/2 · . . . ·
( zr

i

)n/2
Δ(Γ )−1/2 ∑

v∈Γ ∗
e2πiTr(v·v0)eπiTr(zv2).

(Here and in the sequel we adopt the convention ws := es(log |w|+iargw) with −π < argw ≤
+π for w, s ∈ C, w �= 0.)

The proof of this proposition will be analogous to the proof of Proposition 3.1. We shall
apply the Poisson summation formula. For that purpose we need the following lemma.

Lemma 5.6. Let Z be a symmetric complex r× r-matrix, Im Z > 0 (i.e., Z = X + iY with
real X ,Y and Y positive definite). Let x0 ∈ Rr. Then

∫
Rr

e−πi(x+x0)·Z−1(x+x0)e−2πix·y dx =±det
(

Z
i

)1/2

e2πix0·yeπiy·Zy.

Proof. If one substitutes x− x0 �→ x in the integral on the left-hand side, then one ob-
serves that it suffices to proof the formula for x0 = 0. We can write Z = X + iY with real
symmetric matrices X , Y and Y positive definite. It is well-known that X and Y can be
simultaneously diagonalized. Thus there is a T ∈ GLr(R) such that

T tZT =

⎛⎜⎝ z1 0
. . .

0 zr

⎞⎟⎠
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for appropriate z j ∈C, Im z j > 0. If we set y = Tw, T tx = v in the formula of Lemma 5.6,
then this formula becomes

∫
Rr

e
−πi

(
v2
1

z1
+...+

v2
r

zr

)
e−2πi(v1w1+...+vrwr)

1
|detT | dv1 . . .dvr

=±det
(

Z
i

)1/2

eπi(z1w2
1+...+zrw2

r ),

where v = (v1, . . . ,vr), w = (w1, . . . ,wr). From this identity we can deduce on the one
hand that the integral in the lemma is defined, and on the other hand that it suffices to
prove the formula for the case r = 1. But for r = 1 the formula reduces to the first entry
of Table 3.1 in Sect. 3.1. This proves Lemma 5.6. �

Proof of Proposition 5.7. For each 1 ≤ j ≤ r, R becomes a K-module via

K ×R � (x,ρ) �−→ σ j(x) ·ρ ;

we denote this K-module by Kj. Let Vj := V ⊗K Kj. Then Vj is a real vector space of
dimension n, and V ⊂Vj via V � v �→ v⊗1. We extend the scalar product

V ×V −→ Kj, (v,w) �−→ σ j(v ·w)

to a scalar product on Vj in an R-bilinear way. This turns Vj into a Euclidean vector space.
Let L j be an isomorphism of this Euclidean vector space Vj with the standard Euclidean
vector space Rn, i.e., L j : Vj →Rn is an isomorphism with σ j(v ·w) = L j(v) ·L j(w) for all
v, w ∈V .

We now consider the embedding

L : V −→ Rrn

v �−→ (L1(v), . . . ,Lr(v)) .

Then one can easily see that L(Γ ) is a lattice in Rrn, that L(Γ ∗) = L(Γ )∗, and that

θv0+Γ (z1, . . . ,zr) = ∑
ξ∈L(v0)+L(Γ )

eπiξ ·Z(ξ )

with

Z =

⎛⎜⎝ z1En 0
. . .

0 zrEn

⎞⎟⎠ ,

where En is the n×n unit matrix.
For ξ ∈ Rrn and (z1, . . . ,zr) ∈Hr with Im z j > y0 for 1 ≤ j ≤ r one now has∣∣∣eπiξ ·Z(ξ )

∣∣∣< e−πy0ξ ·ξ .
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This implies the first assertion of Proposition 5.7. The claimed transformation formula is
now a simple consequence of the formula of Lemma 5.6. This proves Proposition 5.7. �


From now on we make the general additional assumption that Γ is integral (i.e., Tr(v ·
w) ∈ Z for all v, w ∈ Γ ) and even (i.e., Tr(Ov2) ∈ 2Z for all v ∈ Γ ). Then Γ ⊂ Γ ∗ and
Δ(Γ ) = [Γ ∗ : Γ ]. Also, for v, w ∈ Γ ∗ the expressions eπiTr(v2) and e2πiTr(v·w) only depend
on v and w modulo Γ . We also assume from now on that n = dimK V is even. Let k = n

2 .
We now consider the operation of SL2(O) on Hr defined in Sect. 5.3. For a function

f : Hr −→ C, k = n
2 , and

A =

(
α β
γ δ

)
∈ SL2(O)

we set

( f |k A)(z1, . . . ,zr) :=
r

∏
j=1

(σ j(γ)z j +σ j(δ ))−k f (σ1(A)z1, . . . ,σr(A)zr) .

This defines an operation of SL2(O) on the set of all functions f : Hr → C. Using this
operation we may rewrite the formula of Proposition 5.7 as

θv0+Γ |k
(

0 −1
1 0

)
= i−krΔ(Γ )−1/2 ∑

w0∈Γ ∗/Γ
e2πiTr(v0·w0)θw0+Γ . (5.3)

Here and in the sequel ”w0 ∈ Γ ∗/Γ ” means that w0 runs over a complete system of rep-
resentatives for Γ ∗/Γ .

Proposition 5.8. The group SL2(O) leaves the span of all θv0+Γ (v0 ∈ Γ ∗) invariant.

More precisely we have the following formulas. Let v ∈ Γ ∗ and A =

(
α β
γ δ

)
∈ SL2(O).

Then we have (with k = n
2 )

θv+Γ |k A = i−krN(γ)−kΔ(Γ )−
1
2 ·

· ∑
w∈Γ ∗/Γ

⎛⎜⎝e−πiTr(2βvw+βδw2) ∑
u∈Γ ∗/γΓ

u≡v+δw (Γ )

eπiTr
(

α
γ u2

)⎞⎟⎠θw+Γ

if γ �= 0, and
θv+Γ |k A = N(δ )−keπiTr(αβv2)θαv+Γ

if γ = 0.

The proof of Proposition 5.8 is completely analogous to the proof of Proposition 3.2:
the case γ = 0 is obvious and for γ �= 0 one writes

σ j(A)z j =
σ j(α)

σ j(γ)
− 1

σ j(γ)(σ j(γ)z j +σ j(δ ))
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and applies (5.3).

Now let

L :=
{

x ∈O

∣∣∣∣Tr
(

xO
v2

2

)
⊂ Z for all v ∈ Γ ∗

}
.

We call L the level of Γ . In the case when K =Q,

L=

{
n ∈ Z

∣∣∣∣ n
v2

2
∈ Z for all v ∈ Γ ∗

}
= (N)⊂ Z,

for some N ∈ Z, N > 0. In the case of an integral lattice Γ we defined this number N to
be the level of Γ . It will follow from the next proposition that L is an ideal in O.

Proposition 5.9. (i) Let N := gcd( v2

2 |v ∈ Γ ∗), i.e., let N be the O-submodule of K gen-

erated by the elements v2

2 for v ∈ Γ ∗. Then N is a fractional ideal in K.
(ii) For the level L of Γ one has L=N∗ =N−1D−1 and LΓ ∗ ⊂ Γ .
(iii) Let n(L) := [O : L] (norm of L) and let e be the exponent of the finite abelian

group Γ ∗/Γ (i.e., the smallest number e such that ev = 0 for all v ∈Γ ∗/Γ ). Then e | n(L).
Moreover, 2e ∈ L, and e ∈ L if e is odd.

(iv) One has L=O if and only if Γ = Γ ∗.

Proof. (i) Let Γ ∗ =Ov1 + . . .+Ovt for appropriate v1, . . . ,vt ∈ Γ ∗. Then

N= ∑
j
O

v2
j

2
+∑

j,k
Ov j · vk.

Hence N is a finitely generated O-module in K, i.e., a fractional ideal.
(ii) Evidently L ⊂ {x ∈ K | Tr(xN)⊂ Z} = N∗. For the converse, it suffices to show

that N∗ ⊂O. We first show that N∗Γ ∗ ⊂ Γ : Let y ∈N∗, v, w ∈ Γ ∗. Then

Tr(y(v ·w)) = Tr
(

y
(
(v+w)2

2
− v2

2
− w2

2

))
∈ Z,

whence yΓ ∗ ⊂ Γ ∗∗ = Γ . Now N∗Γ ∗ ⊂ Γ implies that N∗ ⊂ O: Let e1, . . . ,ern be a Z-
basis of Γ , y ∈ N∗. Then ye j = ∑k t jkek with t jk ∈ Z, since N∗Γ ∗ ⊂ Γ . This implies
det(ti j − yδi j) = 0. But det(ti j − yδi j) is a monic polynomial in Z[y] of degree rn. Thus
y ∈O.

(iii) One has n(L) ∈ L; by (ii) n(L) ·Γ ∗ ⊂ Γ , whence e | n(L). Let v ∈ Γ ∗. Then
Tr
(

2eO v2

2

)
= Tr(Oev · v) ∈ Z, since ev ∈ Γ and v ∈ Γ ∗. Thus 2e ∈ L. The statement

e ∈ L for odd e is left to the reader.
(iv) follows from (iii). This finishes the proof of Proposition 5.9. �

Since L is an ideal in O, we can define subgroups Γ0(L), Γ1(L), and Γ (L) of SL2(O)

as follows:

Γ0(L) :=
{(

α β
γ δ

)
∈ SL2(O)

∣∣∣∣ γ ≡ 0 (mod L)

}
,
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Γ1(L) :=
{(

α β
γ δ

)
∈ SL2(O)

∣∣∣∣ α ≡ δ ≡ 1 (mod L),
γ ≡ 0 (mod L)

}
,

Γ (L) :=
{(

α β
γ δ

)
∈ SL2(O)

∣∣∣∣ α ≡ δ ≡ 1 (mod L),
γ ≡ β ≡ 0 (mod L)

}
.

As in Sect. 3.1, Corollary 3.1, we have as an immediate consequence of Proposition 5.8:

Corollary 5.6. Let A =

(
α β
γ δ

)
∈ Γ0(L), v ∈ Γ ∗. Then

θv+Γ |k A = ε(A)eπiTr(αβv2)θαv+Γ ,

where

ε(A) =

⎧⎨⎩ i−krN(γ)−kΔ(Γ )−1/2 ∑
u∈Γ /γΓ

eπiTr
(

α
γ u2

)
for γ �= 0,

N(δ )−k for γ = 0.

Moreover, similar to the proof of Theorem 3.2 in Sect. 3.1 one can show the following
proposition.

Proposition 5.10. There exists a character χ : (O/L)× → {±1} ((O/L)× multiplicative
subgroup of O/L) such that

ε
(

α β
γ δ

)
= χ(δ mod L) for

(
α β
γ δ

)
∈ Γ0(L).

For p ∈ Z, gcd(p,L) = 1, p prime, one has

χ(p mod L) =

(
(−1)rn/2Δ(Γ )

p

)
(Legendre symbol).

From this and Corollary 5.6 we then obtain the analogue of Theorem 3.2:

Theorem 5.8. We have for v ∈ Γ ∗

θv+Γ |k A = θv+Γ for A ∈ Γ (L),

θΓ |k A = χ(δ mod L)θΓ for A =

(
α β
γ δ

)
∈ Γ0(L),

where χ : (O/L)× → {±1} is the character of Proposition 5.10.

Theorems 5.1 and 5.2 are obvious consequences of Theorem 5.8.

Example 5.7 (continued) We consider the lattice Γ = (1−ζ ) in V =Q(ζ ) of Example
5.7. We have seen in Sect. 5.1 that Γ ∗ =OV . Therefore

Δ(Γ ) = [Γ ∗ : Γ ] = |OV/(1−ζ )|= p.
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Using Proposition 5.9, one can show that

L=
(
(1−ζ )(1−ζ )

)
⊂OK ,

so L= p in the notation of Sect. 5.3. Therefore Theorem 5.1 follows from Theorem 5.8.
For the lattice ΓC of Example 5.7, Γ ∗

C = ΓC, so L=O by Proposition 5.9. Thus Theo-
rem 5.8 implies Theorem 5.2.
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93. E. Witt. Über Steinersche Systeme. Abh. Math. Sem. Univ. Hamburg, 12:265–275, 1938.
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Broué and Enguehard

theorem of, 141

character, 85
code, 5

BCH, 68
binary, 5, 58
binary Golay, 59
cyclic, 67

doubly even, 8
dual, 8
even weight, 58
extended, 10
extended binary Golay, 55, 59
extended Hamming, 10
extended ternary Golay, 130
extremal, 65
Hamming, 7, 69
length of a, 5
linear, 7
minimum distance of a, 6
perfect, 57
puncturing of a, 57
quadratic residue, 71
self-dual, 8
simplex, 69
ternary, 5
tetrad, 93
trivial, 5

codes
equivalent, 9, 93

codewords, 5
commensurable, 151
Conway and Sloane

theorem of, 105, 116
Conway’s theorem, 97, 117
Conway, Parker, and Sloane

theorems of, 103
covering problem, 99
covering radius, 99
Coxeter number, 25, 104
Coxeter-Dynkin diagram, 12, 17
cusp form, 46
cyclic code, 67

decomposable, 15

163



164 Index

deep hole, 100
Delaunay polytope, 100
dependent

algebraically, 51
design, 55

points of a, 55
diagram

Coxeter-Dynkin, 12, 17
extended Coxeter-Dynkin, 29
hole, 102
ordinary, 29

different, 150
direct sum

orthogonal, 4
discriminant, 3, 124, 152
discriminant quadratic form, 91
distance, 6
domain

fundamental, 34
doubly even code, 8
doubly transitive, 73
dual code, 8
dual ideal, 150
dual lattice, 2, 151
dual module, 4

Eisenstein series, 41
normalized, 44

Enguehard and Broué
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